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ABSTRACT: We investigate the lifting of half-maximal four-dimensional gauged supergravi-
ties to compactifications of string theory. It is shown that a class of such supergravities can
arise from compactifications of ITA string theory on manifolds of SU(2)-structure which may
be thought of as K3 fibrations over 72. Examples of these SU(2)-structure backgrounds,
as smooth K3 bundles and as compactifications with H-flux, are given and we also find
evidence for a class of non-geometric, Mirror-fold backgrounds. By applying the duality
between IIA string theory on K3 and Heterotic string theory on T* fibrewise, we argue
that these SU(2)-structure backgrounds are dual to Heterotic compactifications on a class
T* fibrations over T2. Examples of these fibrations as twisted tori, H-flux and T-fold
compactifications are given. We also construct a new set of backgrounds, particular to
Heterotic string theory, which includes a previously unknown class of Heterotic T-folds. A
sigma model description of these backgrounds, from the Heterotic perspective, is presented
in which we generalize the Bosonic doubled formalism to Heterotic string theory.
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1. Introduction

The study of gauged supergravities has received a new impetus in recent years. This has
been due, in part, to the application of novel techniques and concepts, such as generalized
geometry, in constructing and analyzing new dimensional reduction scenarios. General-
ized geometry allows us to construct internal manifolds that can be seen as generalizations
of the well-known Calabi-Yau three-folds, K3 and tori. A dimensional reduction of ten-
dimensional supergravity on such backgrounds leads to various lower-dimensional gauged
supergravities. More specifically, one may argue from very general topological considera-
tions, that a reduction on a manifold of reduced structure group explicitly breaks some su-
persymmetry [[[—[]]. The amount of supersymmetry that is explicitly broken by the reduc-
tion depends on the structure group of the manifold. For example, six-dimensional SU(3)-
structure manifolds explicitly break three-quarters of the supersymmetry, six-dimensional
SU(2)-structure manifolds break half, while I-structure! manifolds, of any dimension, do
not explicitly break any supersymmetry. The surviving supersymmetry in the effective
lower-dimensional theory may then be spontaneously broken for a given vacuum solution.

Reductions on six-dimensional manifolds with SU(3)-structure have been fruitfully
employed in constructing new AN/ = 1 and N' = 2 gauged supergravities in four dimen-
sions [j—[ which have minimally-coupled Abelian gauge groups and scalar potentials.
The topological requirement that the six-dimensional reduction manifold has a certain
structure group does not completely specify the internal space and, as such, there are
many outstanding questions concerning the relationship between these four-dimensional
N =1 and N = 2 supergravities to ten-dimensional supergravity and string theory. In

!Pronounced, ‘identity-structure’.



particular, an issue which has yet to achieve a satisfactory resolution is whether or not the
effective four-dimensional theory correctly captures all of the low energy physics of string
or supergravity theory compactified on such a manifold.

The standard procedure for producing a lower-dimensional supergravity from a higher-
dimensional one is to propose a reduction ansatz for the higher-dimensional fields, which is
substituted into the higher-dimensional action. One then integrates out all internal coordi-
nate dependence in the higher-dimensional action. A judicious choice of reduction ansatz
can lead to a lower dimensional supergravity with many attractive features, such as Yang-
Mills gauge symmetries and scalar potentials. In many cases, it is possible to show that
this procedure produces an action for a lower-dimensional supergravity which captures all
of the low energy classical physics one would expect from a supergravity compactified on a
compact manifold. In such cases, there is a clear relationship between the four-dimensional
and ten-dimensional supergravities and one can interpret the lower-dimensional supergrav-
ity as a long wavelength limit of string theory with confidence. However, for many gauged
supergravities constructed in this way, it is not clear how the reduction ansatz naturally
arises from considering a compactification on a conventional manifold. It is important then
to distinguish between those cases where the ansatz can be related to a compactification
on a known manifold and the cases where the situation is not so clear. Moreover it is
important to use terminology that makes this distinction clear. Below we briefly clarify
the terminology pertaining to both cases as it will be used throughout this paper.

A compactification will refer to a decomposition of the higher-dimensional fields in
terms of the harmonics of a well-defined internal manifold followed by a truncation, which
sets certain higher modes in the Kaluza-Klein tower of states to zero. In order to construct
an effective theory, valid up to a certain energy scale, one usually chooses to truncate out
modes with an effective mass above this energy scale and indeed this is what is done in
conventional compactifications on tori and Calabi-Yau manifolds, where only the lowest
modes are kept. So that we can be sure that all of the light modes are kept and none
thrown away in the truncation, we therefore need to have a good understanding of the
internal geometry.

By contrast, a dimensional reduction is simply an algorithm that may be employed
to obtain a lower-dimensional supergravity from a higher-dimensional one. In many cases,
such as for tori and Calabi-Yau manifolds, the standard reduction algorithm is equivalent
to the Kaluza-Klein compactification and truncation described above; however, generally
one may have no idea of what the reduction corresponds to physically; it is merely a recipe
to generate a lower-dimensional supergravity.?

One might then say that many of the N' = 1 and N = 2 gauged supergravities men-
tioned above are well understood at the level of a dimensional reduction - an algorithm to
construct one supergravity from another, higher-dimensional, supergravity - but are yet to
be fully understood as compactifications in the rigorous Kaluza-Klein sense. It is, in fact,
quite difficult to construct explicit examples of SU(n)-structure manifolds of 2n real dimen-

2A consistent reduction is a reduction in which solutions of the reduced theory lift to solutions of the
full, higher-dimensional, theory. Similarly one may speak of a consistent truncation as a truncation such
that the surviving modes solve the higher-dimensional equations of motion.



sions. It is considerably easier to construct an SU(n)-structure manifold of real dimension
greater than 2n. For example, one may construct a (2n + k)-dimensional SU(n)-structure
manifold, as a smooth bundle where the fibres are (2n real-dimensional) SU(n)-holonomy
manifolds, examples of which are well known, over a k-dimensional base. Examples of
seven-dimensional SU(3)-structure manifolds of this kind, constructed as Calabi-Yau bun-
dles over S', were given in B]. Further examples, giving six-dimensional manifolds of
SU(2)-structure, will be given in this paper (see also [J] for a related class of SU(3)-structure
backgrounds constructed in a similar manner).

Whilst a central motivation of this growing field of generalized reductions has been
to address the urgent need to construct credible moduli stabilization and supersymmetry-
breaking scenarios from flux compactifications, these studies have also led to additional
insights into the fundamental structure of string theory. In particular, there is mounting
evidence that many gauged supergravities can not arise from a compactification of a higher
dimensional supergravity on a conventional manifold, but can be lifted to string theory on
a non-geometric background. Such backgrounds have no analogue in field theories such
as General Relativity and shed light on possible string- or M-theoretic generalizations of
spacetime [[[0—[[Z]. The need for an explicit constructions of the internal background is per-
haps of greater importance in the non-geometric case, where our experience is more limited.
Many non-geometric I-structure backgrounds can be thought of as conventional manifolds
locally, with transition functions between coordinate patches that include T-dualities, mak-
ing the background globally non-geometric. The viability of such backgrounds as potential
string backgrounds then rests on the fact that T-duality is a symmetry of string theory
and therefore the string theory views the background as smooth. Such arguments require
a detailed knowledge of the internal background and a rigorous understanding of the ap-
propriate duality symmetries of the string theory, which are currently absent for most
six-dimensional SU(3)- and SU(3) x SU(3)-structure backgrounds.

Ultimately, one would like to have not only an understanding of which gauged super-
gravities lift to string theory and how, but also a description of the vacuum solutions of
these gauged supergravities from the worldsheet perspective. Whilst the reduced structure
techniques pioneered in [f, ] have found very general application to the construction of
N =1 and N = 2 gauged supergravities and their vacuum solutions, the construction of a
worldsheet description remains a challenge in all but the simplest cases. By contrast, com-
pactifications which give rise to four-dimensional maximally supersymmetric supergravities
have been usefully described at the worldsheet level using the doubled formalism of [[J].
These maximal gauged supergravities arise from compactifications of Type II supergravity
on six-dimensional I-structure backgrounds. Such backgrounds are parallelizable and do
not break any of the 32 supersymmetries explicitly, resulting in A/ = 8 gauged supergravi-
ties in four dimensions. The general form for the Lagrangian of such maximal supergrav-
ities and the conditions that the gauging does not explicitly break supersymmetry® were
given in [[[J].

In contrast to the well-studied NV = 1, 2, and 8 cases discussed above, our interest

30f course, for a given solution, some degree of supersymmetry may be spontaneously broken.



in this paper is to study the half-maximal case of N' = 4 gauged supergravity in four
dimensions. The half maximal case is of particular interest as it represents a situation
in which the techniques used in compactifications on six-dimensional manifolds of SU(2)-
structure and T-structure make contact. We will show that many of these massive four-
dimensional N/ = 4 supergravities can be realized either as a compactification of Type
ITA string theory on a manifold of SU(2)-structure or as a maximally supersymmetric
compactification of Heterotic string theory on a manifold of I-structure and present explicit
constructions of these backgrounds.

Overview and results. There are, in principle, at least three routes to constructing
N = 4 gauged supergravities by dimensional reduction from ten dimensions; we may
reduce the Type I, Spin(32)/Zs or Eg x Eg Heterotic string theories on manifolds with 1-
structure group, reduce Type ITA string theory (in which we include flux compactifications
of M-Theory [[4]) on SU(2)-structure manifolds, or reduce Type IIB (in which we include
compactifications of F-Theory [L]) on SU(2)-structure manifolds. We will only consider
reductions of ITA and Heterotic string theory on SU(2)- and I-structure backgrounds re-
spectively here and we shall be particularly interested in realizing these reductions as
compactifications on internal spaces which we shall identify.

The first step of the reduction of the Heterotic supergravity consists of a conventional
Kaluza-Klein compactification on 7% (with coordinates 2™, m,n = 1,2,3,4), which gives
a six-dimensional N' = 2 theory with rigid O(4, 20) symmetry, which lifts to a O(4, 20;Z)
T-duality symmetry of the string theory. We then compactify on a further 72, twisting by
elements of this T-duality group over the cycles of the 72 (with coordinates y’, i = 5,6) to
give a four-dimensional N' = 4 gauged supergravity. The six-dimensional internal space can
then be thought of as a T* fibration over T? with monodromies taking values in O(4, 20; Z).
For example, twisting by a geometric SL(4;Z) C O(4,20;Z) results in a six-dimensional
internal manifold which can be thought of as a smooth 7% bundle over T2. For a general
duality-twist reduction of this kind, the resulting A/ = 4 theory has non-Abelian gauge
symmetry generated by the algebra

(Zi, Z] = fzm”Z + Min*Yq + Kign X" (Zms Zn] = Kimn X' (1.1)
[(X™, Zn] = fim
[ n] _ szan [Zi,Xm] _ fman + VVimaYa
[Zu Ya] _5abW me + MzmaXm
[Zm7 Ya] MzmaX [Ym va] = Siain

where the generators (Z,,, Z;) are related to diffeomorphisms of the six-dimensional internal
space, (X™, X?) are related to B-field antisymmetric tensor transformations and the Y,
(a,b=1,2,...16) generate the U(1)!® internal gauge symmetry.

The gauge algebra contains a lot of information about the ten-dimensional lift of the
four-dimensional supergravity. A particular challenge to realizing lower-dimensional gauged
supergravities as compactifications of string theory is to give a string theoretic interpreta-
tion to the parameters, such as the structure constants of this gauge algebra. In particular,



™ encode information about the local geometry of the com-

the structure constants f,,
pactification manifold and the structure constants K, and M,,,* contain information
about the fluxes in the internal geometry. It has become commonplace to refer to the
higher-dimensional description of all such structure constants, regardless of their physical
interpretation, as fluxes [[If, [[4] and we shall adopt this nomenclature here. In addition
to the geometric, K- and M-fluxes, which are related to those described in [[I§], we also
find new Q-, W- and S-fluxes. It will be argued that the @Q-flux is akin to that found
for the T-folds studied in [[3, [[d 1] where the monodromy around the T2 cycles include
a strict T-duality and mixes metric and B-field degrees of freedom. The W-flux will be
shown to be indicative of a T-fold background, but of a kind specific to Heterotic string
theory and not previously studied. The S-flux will be understood as a non-trivial fibering
of the internal U(1)!® gauge bundle over the T?. Remarkably, we shall see that all of these
backgrounds can be understood in terms of a worldsheet sigma model of the form pioneered
in [[J] and [L9).

The ITA theory can be similarly compactified on a K3 manifold, giving a six-
dimensional theory with O(4, 20) rigid symmetry, dual to the Heterotic theory compactified
on T* discussed above. Performing a duality-twist reduction, as above, over the cycles of
a further T2 gives an N = 4 gauged supergravity with non-Abelian gauge symmetry gen-
erated by the Lie algebra

(Z;, ] = Ki'Ta (Z;, J] = Qi Ta (Zi,Ta) = DiaPTp — Kiad — QiaJ
[T4,TB] = Dapi X" [J,T4] = Kin X' [J,Ta] = Qia X"

where the generators Z; and X* are as in the Heterotic case above. J, J and T4 generate
gauge transformations of the Ramond-Ramond fields where the indices A, B = 1,2,...22
run over the twenty-two harmonic two-cycles of the K3 manifold. When the monodromy
takes values in the O(3,19; Z) mapping class group? of the K3, the internal background is a
smooth K3 fibration of the kind considered in [[]. Such compactifications are characterised
by the structure constants D; 47 - a geometric flux for SU(2)-structure reductions. It will be
shown that the C-fluxes correspond to H-flux compactifications and the Q-flux corresponds
to a new non-geometric flux. We will argue that this non-geometric background can be
thought of as a K 3-fibration over 72 in which the monodromy includes a Mirror Symmetry
in the K3 fibres, giving what might be called a Mirror-fold, KawaiSugawara.

The content of this paper is organised as follows. In the next section we review the
salient features of AV = 4 gauged supergravity in four dimensions. The ungauged, massless,
theory has a rigid SU(2) x O(6,22) symmetry. The general form of the Lagrangian for the
gauged supergravity was found in [P4] where the gauge symmetry includes a non-Abelian
subgroup of the rigid SU(2) x O(6,22) and we shall only consider electric gaugings of the
0(6,22) C SL(2) x O(6,22). In section three we discuss the key features of six-dimensional
SU(2)-structure manifolds. In section four we briefly review evidence, at the level of the
massless supergravity, for the conjectured duality between the compactification of IIA
supergravity on K3 and Heterotic supergravity on T%. In section five we consider a further

4The group of large diffeomorphisms.



duality-twist reduction, down to four dimensions, on 72. In section six, the interpretation
of the duality twist reductions as compactifications of ten-dimensional theories on explicitly
constructed I- and SU(2)-structure backgrounds is discussed. Section seven considers a
worldsheet construction of the Heterotic backgrounds considered in section six along the
lines of the doubled formalisms introduced in [[3] and [R5 and section eight concludes and
discusses possible avenues for future research. To streamline the arguments, the details of
most calculations are included in the appendices.

2. N = 4 gauged supergravity in four dimensions

In 24 the general form of the Lagrangian for N' = 4 gauged supergravity in four di-
mensions was presented. The massless Abelian gauge theory has a rigid SL(2) x O(6,n)
symmetry [RJ], certain subgroups of which can be promoted to a non-Abelian local symme-
try in a manner consistent with N' = 4 supersymmetry. The non-Abelian gauging breaks
the rigid symmetry to a subgroup, however there is still a natural action of SL(2) x O(6,n)
on the fields of the gauged theory. In [24], following the work of [[L3, §—Rg] (see also [RJ]
for an excellent review), this fact was exploited in order to write all possible N' = 4, four di-
mensional, gauged supergravities in terms of a single, universal, Lagrangian. The action of
SL(2) x O(6,n) does not preserve the gauging, but generally maps one gauged supergravity
into another. The gauging introduces the constant deformation parameters

faMmnP, EaM s (2.1)

where o = + are indices for a vector representation of SL(2) and M, N = 1,2,...6 +n
are indices for a vector representation of O(6,7n). These deformation parameters determine
the gauging and must satisfy various constraints in order to be consistent with N = 4
supersymmetry. The task of classifying all N' = 4 gauged supergravities in four dimensions
reduces to one of finding the constants (2.1]) compatible with these constraints. We focus on
the case n = 22 as this is of most relevance to the string theory compactifications we shall
be considering. The parameters (R.1]) transform as tensors under the rigid SL(2) x O(6, 22).
The bosonic degrees of freedom transform under the rigid G = SL(2) x O(6,22), whilst
the fermionic degrees of freedom transform in representations of the maximal compact
subgroup H = SO(2) x O(6) x O(22) C G.

The field content of the theory is made up of an N' = 4 gravity multiplet which consists
of a vielbein e,“, four gravitini zﬁui, six spin-one gravi-photons A, four spin-half fermions
x* and a complex scalar 7 respectively. To this are coupled twenty-two A = 4 vector
multiplets, each consisting of a vector A, four spin-half gauginos A% and six real scalars.
It is useful to combine the vectors from the vector and gravity multiplets and write them
as Aé‘f) and the 132 scalars of the 22 vector multiplets into an array M;n. The scalars 7
and M sy take values in the product of cosets

SL(2)  0(6,22)
SO2) " 06) x 0(22)°




The SL(2) has a fractional-linear action on 7 as 7 — (a7 +0b) /(¢ +d). This can be realized
as a linear action on the array M,s(7) given by

o1 172 R(7)
Maﬁ_g(f) (afe(f) 1 >

where R(7) and (1) denote the real and imaginary parts of 7.

Here, we shall consider electric gaugings of the O(6,22), where the only non-zero
deformation parameter is fiynp = taprnp which plays the role of structure constants
in the gauge algebra. The constants tj;nyp are antisymmetric in all indices. The four-
dimensional gauged Lagrangian for the bosonic sector is then

1 1
Ly =Rx1+ DMy A «*DMMY 1 5@Mag A *dM®P — SS(r) M v Fg) A F)

1

2
1

—§§R(T)LMN}"(2M) NFly) = g°V 1,

where the scalar potential is

tpNPLQRS (MMQMNRMPS — 3MMQLNRLPS) + tMNPtMNP (2.2)

V= 485(7) 243(7)

and .7-"(]\24) is the gauge covariant field strength for A%. The only constraint on this gauging
is the Jacobi identity t[MNIRtIPQ}R = 0 so that, a priori, any Lie subgroup of O(6,22)
should give a consistent gauging. The invariant of O(6,22) is Lysn, which can be used to
raise and lower indices on the constants® ¢);yp. In particular

tyune = Lygtyp®

Our goal will be to understand how some of these gauged supergravities lift to compacti-
fications of string theory.

3. Six-dimensional manifolds with SU(2)-structure

One way in which a four-dimensional, half-maximal, gauged supergravity can be realized
as a string theory reduction is as ITA supergravity, reduced on a manifold with SU(2)-
structure. In this section, we will recall some of the salient features of manifolds with
reduced structure, and then discuss the specific case of a six-dimensional manifold with
SU(2)-structure in detail. Much of what is discussed here is published elsewhere (in par-
ticular, see [}, B0, B1] and references therein), but the SO(3)-symmetry of j and w, and the
discussion about the forms we expand the ten-dimensional fields in, are original.

One of the main questions in the reduction of a supersymmetric theory is how much
supersymmetry of the higher-dimensional theory is explicitly broken by the dimensional
reduction. In the case of a ten-dimensional supergravity theory the reduction ansatz of the
ten-dimensional spacetime M9 is

MY = MY xy,

5Tn [@] a basis was chosen in which Ly =diag(—1Is, I22), the basis choice here is given by (@)



where Y is a compact six-dimensional manifold. The ten-dimensional Lorentz group de-
composes as

SO(1,9) — SO(1,3) x SO(6),

and the 16-dimensional Majorana-Weyl spinor representation therefore decomposes as
16 — (2,4) @ (2,4).
A ten-dimensional supersymmetry parameter € can be written as

with £, four-dimensional spinors and 7' the available six-dimensional spinors where the
index ¢ runs over 1 and 2 and the subscripts + denote the chirality of the spinor. Clearly,
the amount of supersymmetry of the four-dimensional theory depends on the number of
supersymmetry parameters € of the original theory and on the number of six-dimensional
spinors n*.

The spinors n* in equation (B.1]) need to be globally well-defined on Y. In other words,
they need to be singlets under the structure group® G C SO(6) of Y. For example, on a
manifold with SU(3)-structure, the spinor representation decomposes as

SO(6) ~SUM4) —SU(3) : 4331, (3.2)

so there is one spinor that transforms as a singlet under the structure group. This is the
one spinor we can use in (B.I]).

The spinors n* need not be covariantly constant, but there does exist a unique metric-
compatible connection V7 such that

vin=o.

If VT is not the Levi-Civita connection, it must be torsional. This torsion can be described
by five torsion classes Wi, ..., Ws [B] and so manifolds with reduced structures can be
characterized by their torsion classes.
Equivalently, a manifold of SU(n)-structure in n complex dimensions can be defined
in terms of a two-form J and an n-form 2. These forms obey the relations
2n

JAQ=0  QAQ="0tD_jn
n

Furthermore, J with one index raised is an almost complex structure I,

1" = Jueg™ P =1,

(%

and with respect to this almost complex structure, J is a (1, 1)-form and €2 is an (n, 0)-form
(with v,w = 1,...2n the indices on the real coordinates). The exterior derivatives of J
and €2 are determined by the torsion classes as follows:

dJ € W1 @& W3 & Wy, dQ € W1 & Wy @ Ws.

5The structure group is the group the transition functions of the tangent bundle T'Y take values in.



In three complex dimensions, the equivalence between the definition of SU(n)-structure in
terms of the spinors 7+ and that given in terms of the forms (J, 2) is given by formulas that
express the forms in terms of the spinors. A manifold with SU(3)-structure has one globally
well-defined spinor 7, and in terms of this spinor the forms J and 2 can be written as

Jow = iT]T_’wan_, Quwe = inT—’Yvwxn+a v,w=1,...,6.

Using Fierz identities, it can be shown that the forms, so defined, indeed satisfy the con-
straints of an SU(3)-structure.

Let us now specialise to the case of a six real-dimensional manifold with SU(2)-
structure. By the reasoning presented before, such a manifold has two globally well-
defined spinors n* (v = 1,2). From (B.I]) we see that every ten-dimensional supersymmetry
parameter then generates two four-dimensional supersymmetry parameters; for example,
dimensional reduction of type ITA supergravity on a six-dimensional manifold with SU(2)-
structure would give a four-dimensional supergravity with 16 supercharges, or N’ = 4.

For manifolds with SU(2)-structure one can define a pair of SU(3)-structures: a pair
of 2-forms J* and a pair of 3-forms €* via

JtL)w = Znir’YanL—a Qi;u)x = mbj’Yvwa]fp v, w = 17 s 76 .

By raising an index with the metric one obtains two almost complex structures
_ 2
ILUUJ = le;xgﬂf?w’ (IL) — _]:[7

which generically are not integrable since the Nijenhuis-tensor is not necessarily vanishing.
With respect to I* the two-forms J* are (1, 1)-forms while the 2* are (3,0)-forms.

If the manifold has an SU(2)-structure, the two almost complex structures commute,
[I',I%] = 0, and define an almost product structure 7 via

=122 " with =% =1

One can check that 7 has four negative and two positive eigenvalues which in turn implies
that the tangent space splits into a four-dimensional and a two-dimensional component.
It follows, then, that this split also holds for all tensor products of tangent and cotangent
spaces. A form Yy on the six-dimensional manifold Y can therefore always be written as a

wedge product
X = X(@2) N X(4)

of a form x(y) with its legs in the two-dimensional directions and a form x(4) with its
legs in the four-dimensional directions. Furthermore, it can be shown that the almost
product structure 7 is integrable, which means that it is possible, on a chart U, to choose
coordinates {y’, 2™} for i = 1,2 and m = 1,...,4 such that

9 90
Oyt Oz

— 10 —



spans the tangent space to U. This means that on U, the metric can be written in the
block-diagonal form
ds? = gmn(y, 2)dz"dz" + gij(y, 2)dy' dy’ .

In other words, locally the six-manifold Y is a product of the form Y ~ Y ® x Y® where
Y@ is a real four-dimensional manifold while Y3 is a real two-dimensional manifold.
The almost product structure becomes more apparent when we look at the forms that
can be defined using the spinors. Since the spinors are never parallel, a globally defined

complex one-form

1 2 2%

— : 1
Ov =0y — 10, =N Yoll-

exists. With this information, the four tensors J* and 2* can be expressed in terms of the
one forms ¢*, a (1,1)-form j and a (2,0)-form w via [, B{]

JY? = j+ ol No?, Q2 =wA (et tio?),
or equivalently [B]]
o1 .
J = §(J1 - J2)7 Wyw = an—t}’vwn% .

As shown in [B, B(], the 0% can be viewed as one-forms on the two-dimensional component
Y ® while j and w define an SU(2)-structure on the four-dimensional component Y (4.

The simplest example of a six-dimensional manifold with SU(2)-structure is truly a
product structure: it is 72 x K3. The forms o are then simply dy’, and the forms j and
w that determine the structure of the K3 are closed.

It is well-known that every K3 is hyperkahler, i.e. it has a two-sphere of complex
structures with respect to which the metric is Kéhler; in the terminology used above this
means that any SO(3)-rotation of the vector

J
Rew

Imw

defines a complex structure on that K3. In appendix |B we show that a similar symmetry
exists for a general manifold with SU(2)-structure: the SU(2)-structure is defined up to an
SU(2)-rotation of the spinors 1. This rotation leaves o invariant, but translates into an
SO(3)-rotation on (j, Rew,Imw).

In order to perform a dimensional reduction of a supergravity, we need to know what
forms to expand the ten-dimensional fields in. Since six-dimensional manifolds with SU(2)-
structure seem to be, in many aspects, a generalization of T2 x K3, it is reasonable to base
the available forms on 72 x K3 as well. We therefore expand in a basis of forms spanned
by two one-forms ¢° and an arbitrary number n of two-forms OA. These two-forms contain
the (2,0) @ (0,2)-form w, the (1,1)-form j and n — 3 further (1,1)-forms. We can define
an intersection metric 78 as

nABeijE/ Aol ANQANQE,
Y
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In contrast to the forms (dy’,24) on T2 x K3, however, the forms (o¢,Q4) of the
SU(2)-structure manifold need not be closed. This means the most general consistent
formulas for the exterior derivatives of the forms are

1 o _ o
do' = 5 Djk'o” N "+ D04, dQt = Do’ A QF. (33)

and we shall assume that Dijk, D4’ and Do P are all constant. Furthermore, there are some
additional constraints on the matrices D. These come from requiring d? = 0 (integrability
of o and QA) and Stokes’ theorem to hold. Let us look at what that implies for D4 = 0.
Requiring d? = 0 then means

Dip“Dja® — Djp“Dia® = Dij Dy, (3.4)

but it does not give a similar constraint on the ij since a triple wedge product of ¢’s is
zero regardless of the coefficient. Instead, we can obtain the constraint

Dit* Djm' = Dji" Dim = Dy D (3.5)
by explicitly writing out the indices %, j. Finally, Stokes’ theorem yields the constraint
—nABDyF = nA9Dic® + nPODic (3.6)

We shall be particularly interested in a class of simple examples, where Dijk =Diy=0
and A =1,...22, so that

do* =0,  dQ* =D’ AQP.
These Bianchi identities may be solved by
o' =dy', Q' =exp(Dipty)2P

where we have introduced the harmonic two-form Q4(z) € H?(Y ), so that dQ4 = 0. We
may then identify Y4 ~ K3 and it is clear that Y is a deformation of the SU(2)-holonomy
manifold 72 x K3 to a bundle

K3— Y

|
T2 (3.7)

where Y® ~ K3, Y@ ~ 72 and Y, therefore, is a non-trivial K 3-fibration over the cycles
of the base T2. The monodromy of the fibrations over the cycle with coordinate y* ~ 1+ £
is given by ePia"€" and we require that this monodromy takes values in the mapping class
group of the K3-fibre in order for Y to be a smooth bundle.

We shall see, in the sections that follow, that many compactifications on manifolds
of this kind may be realized by the duality-twist reductions of [BJ which we review in
section five.
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4. N = 2 supergravity in six dimensions

Our goal is to realize a certain class of four-dimensional, half-maximal, supergravities
in which a non-Abelian subgroup of O(6,22) is gauged, as compactifications of ten-
dimensional string and supergravity theories. As stated in the introduction, we shall first
consider standard Kaluza-Klein compactifications of ten-dimensional IIA and Heterotic su-
pergravities to six dimensions. The compactifications of the Heterotic and ITA theories on
T* and K3 respectively, give rise to massless, Abelian, ' = 2 theories in six dimensions.
The conjectured duality between Heterotic and ITA string theories in six dimensions is then
used to identify these theories as a precursor to further dimensional reduction to four di-
mensions, which will be performed in the next section. The details of the compactification
to six dimensions will be of importance in understanding the lift of the four dimensional
gauged supergravities to string theory as will be discussed in section six and seven.

4.1 Compactification of heterotic supergravity on 7*

The bosonic sector of the Heterotic supergravity consists of a scalar dilaton ®, a two-form
potential By with associated three form field strength H 3y = dB(3)+. .., and gauge bosons
.A‘(ll) with field strength f&), taking values in the adjoint representation of either Fg x Fg
or Spin(32)/Zs BJ-BF]. It will be assumed that the internal Eg x Eg or Spin(32)/Zo gauge
group’ is broken to the Cartan subgroup U(1)' by some mechanism, such as Wilson lines
in the toroidal compactification. The internal gauge fields A% then take values in the Lie
algebra of U(1)'6 where a,b = 1,2,...16. In fact, sixteen of the 496 generators of Egx Fg or
Spin(32)/Zs can be identified as isometries of the Cartan torus 716, with the remaining 480
generators related to massless solitons [BJ]. We may therefore relate this U(1)!0 directly
to the geometric symmetries of the Cartan torus. This perspective will be important in
section seven where we consider the worldsheet description of the backgrounds discussed
in the following sections.

The supergravity may be thought of as a low energy, weak coupling, effective field
theory for the Heterotic string. The low energy description is truncated to first order in o/,
where the internal gauge fields first appear. A one-loop calculation in the string coupling
gives further corrections, involving the spin connection, at first order in o/. Such corrections
are important for issues such as anomaly cancelation in the theory and any full treatment

should take such corrections into account [Bg].%

Here, we shall neglect such string loop
effects and consider only the tree level contributions to the effective action, leaving a more

complete analysis to be considered at a later date. The bosonic sector of the effective

"The Spin(32)/Z> Heterotic string theory is more usually referred to as the SO(32) Heterotic string.
The worldsheet theory does indeed have a rigid SO(32) symmetry; however, the worldsheet fermions A%,
taking values in Spin(32) - the cover of SO(32) - are subject to a GSO-type projection, which means that
only two of the four conjugacy classes of Spin(32) play a role in the spectrum of the theory [@] This
distinction will not play an important role here but, in keeping with our aim to describe the supergravities
in terms of string theory, we shall adopt the more accurate description of the ten-dimensional gauge group,
as Spin(32)/Z2 throughout.

8See also chapter 13 of @] for further discussion.
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ten-dimensional theory we shall consider is given, in string frame, by the Lagrangian
e — 1 1 a
E{% t_ = ® <’R *1 4 *%d® A dd — 57’[(3) A *H(g) — §5ab-7:(2) A *.7'—(1)2)> , (4.1)
where we have set o/ = 1 and the field strengths are given by
a a 1 a a
Fioy = dAly, M) = dBr) — 50wAl) A Fly).

The particular case of interest is that in which four of the space coordinates are compactified
into a T with internal coordinates 2™, where m,n = 6,7, 8,9. The standard Kaluza-Klein
reduction ansatz is used, for which the reduction ansatz for the fields are the zero modes
of harmonic expansions on the internal space, and as such the ansatz does not depend on
the coordinates ™. The details of this reduction are given in the appendix [J. Inserting
the reduction ansatz given in ([C.9) into the Lagrangian ([.1]) and integrating over the 7%
gives the effective N' = 2 theory in six dimensions. This six-dimensional theory has a
rigid O(4,20) symmetry [B§ and the fields can be combined into multiplets of this rigid
symmetry so that the Lagrangian can be written in a manifestly O(4,20) invariant way [Bg

~

5 (= ~ o~ 1 —~ — 1~ 1~ = ~
Lt =e? <R # 1ped) A ot 2d My Asd MY — SHiay A H gy =5 M Figy A *]—"(‘]2)> ,

where the indices I, J run from 1 to 24. The two- and three-form O(4,20)-covariant field
strengths are given by

N N 1 . . . ~
His) = dC) — 5Lis Ay NdADy  Fioy = dAG, (4.2)

where the potential 6’(2) is related to the B-field B.

The vector fields coming from the reduction of the gauge fields A%, the off-diagonal
parts of the metric, and the B-field components with one leg on the 7% and the other in
the six-dimensional spacetime, combine into the O(4,20) vector .,1{1). The array of scalars

M 1J is given by
- ./q\mn + AmaAna : Cmpgpchn Cmnanp Ama - Cm@\ﬁnpApa
M= —§"”P0pn g —gMm" ALY , (4.3)
Ama + Apa/g\pncnm _Ana/g\nm 5ab + AmagmnAnb

where G, are the metric moduli for the 74, émn is related to the B-field with both legs
on the 7% and Em“ are the components of the gauge field A® along the T%. The scalars
M, take values in the Grasmannian 0(4,20)/(0(4) x O(20)) and the inverse of My is
given by ML = LIK./\//\(KLLLJ where

0 I, O
Liyj=11, 0 0
0 0 Ty

is the invariant of O(4,20).
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The six-dimensional theory has an Abelian U(1)?* gauge symmetry, with gauge bosons
"1{1)7 where U(1)!6 ¢ U(1)?* arises from the internal gauge symmetry inherited directly
from the ten-dimensional theory. In addition, a U(1)* comes from diffeomorphisms 2™ —
2™ 4 w™ of the internal T* and a further U(1)* arises from the antisymmetric tensor
transformations of the ten-dimensional B-field where one leg of the B-field lies along a
cycle in the T* and the other along the six-dimensional non-compact spacetime. Let us
denote the sixteen generators of the ten-dimensional (internal) gauge transformations by
Y,, the four generators of diffeomorphisms along the cycles of the torus as Z,, and the
generators of the antisymmetric tensor transformations as X™. The generators may be
arranged into an O(4,20) vector

=1 xm |, (4.4)

which generates the full U(1)?* with Abelian gauge algebra [Ty, 7] = 0.

4.2 Compactification of ITA supergravity on K3

The Lagrangian of the bosonic sector of Type IIA supergravity in ten dimensions is
_ 1 1
E{(I]A —e® (R x 14+ d® N *xdd — 5(15(2) N *dBg) — §dA(1) A *xd A
1 1
— §(dC(3) — A(l) A\ dB(g)) A *(dC(3) - A(l) A dB(2)) - 58(2) A dC(3) A\ dC(3)> ,

where @ is the dilaton, B, is the Kalb-Ramond field and A(;) and C3) are Ramond-
Ramond fields. The O(4, 20)-invariant, six-dimensional, A’ = 2 theory above can also be
obtained from a Kaluza-Klein reduction of ITA supergravity on K3.

The K3 manifold is characterised by twenty-two harmonic two cycles, nineteen of which
are self-dual, the remaining three are anti-self-dual. We denote these two cycles by Q4,
where A, B = 1,2,...22. The Hodge dual of Q4 is also a two-form and can be expanded
in the basis {Q4} as *Q4 = HAOPB. The array of coefficients H4p take values in the
Grassmannian

A SO(3,19)
"5 € 5503y % 50(19)
and encode fifty-seven of the fifty-eight metric moduli of the K3 appearing as scalar fields in
the six-dimensional effective theory. It is not hard to show that H AB satisfies HAcH g =
64 and n[A‘CHC‘B} = 0, where nP is the intersection matrix for K3

= otaQf
K3
and nap is defined as its inverse. A final metric modulus, e™?, controls the overall volume
of the K3. When compactifying on a K3, the moduli H* 5 and p, may depend on the six
non-compact directions. We will later give the explicit dependence of these moduli fields
on the two torus directions, and the fields with this specific form of dependence will be
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denoted by HA 5 and p and we shall henceforth use H4 5 and p to denote moduli that do
not depend on the T2 coordinates y°.
The six-dimensional supergravity Lagrangian is given by

- [~ -~ 1~ — 1~ - 1~ =~ ~
LHA = ¢ < R 1+ 5dg Adg+2d My Axd MY — SHiay A xHg) — SMisFo) A *]-'("2)>
L = SN
_§LIJB(2) A f(2) N f(2), (45)
where the field strengths are
SR =1 g ql
H) = dBra),  Fz) = dAp).

The relationship between B and the ten-dimensional B-field is given in appendix D, as are
other details of this reduction. The Ramond potential Ay and the part of the Ramond
field C(3) which wraps the twenty-two harmonic cycles 04 combine with the six-dimensional
Hodge-dual of the three-form Ramond field to give the O(4,20) vector .Z{l).

The matrix My, takes values in the Grassmannian O(4,20)/(O(4) x O(20)) and is
given by

6_5+ﬁABZAZB+6552 655 —]T[CBEC —6’7535
Mipy = ePC eP —eﬁgB , (4.6)
—HB jbp — ePbyC  —ePby nAcHCB—I—eﬁbAbB

where b4 are the twenty-two components of the B-field which wrap the harmonic cycles Q4,
C = %UABZAEB and the indices on H4 B are raised and lowered using nAB and its inverse
nap respectively. The symmetric matrix of scalars M 1.7 satisfy M kL% L rJ = L1y with
L;j, the invariant of O(4,20), given by

0 -1 0
Lij=1-10 0
0 0 nam

The gauge algebra of this theory is U(1)?4, where U(1)??2 C U(1)** is generated by
antisymmetric tensor transformation of the Ramond-Ramond fields with parameters A4
associated to each of the harmonic two cycles of the K3. A further U(1) is inherited
directly from ten dimensions as the Abelian gauge transformation of the .A(;) Ramond
field 6.A(1) = dA. We denote the generator of this transformation by J. In six dimensions
the three form part of the Ramond field C(3) is dual to a one form C(;y and so a final U(1)
comes from the Abelian gauge transformations of this field 55(1) = dx(o), generated by J.
These generators can be written as a O(4, 20) vector T

J

= J|. (4.7)
Ta

which generate the Abelian gauge algebra [T7,7;] = 0.
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4.3 Heterotic/ITA duality

At the level of the supergravity, one can show that the Heterotic and ITA compactifications
considered above give equivalent six-dimensional Lagrangians. It has been conjectured [B9,
AQ that the full quantum string theories are in fact dual, a conjecture which we shall
assume to be true in what follows. Evidence for the duality can, for example, be found in
the six-dimensional supergravities and a study of the BPS sectors as discussed in [i1]—[4]
and references therein. We review the basic supergravity argument below. An excellent
introduction to this conjectured duality and its consequences may be found in [i5].

The ITA Lagrangian Eél 4 can be brought to the form of the Heterotic Lagrangian Eé{ et
by first identifying

My — ./\//\lu, ./1{1) — .,Zl\{l).

The next step is to dualise the three form 7-7(3). We introduce the term
dCA’ (2) A 7‘7(3)

into the Lagrangian @) The two-form 6(2) is a Lagrange multiplier which imposes
the Bianchi identity dH3) = 0, the variation of the Lagrangian with respect to the field

strength 7-7(3) gives®

~ ~ 1 ~ ~ i~
Hz) = dCa) — 5L,JA{I) NdAL) = e " H ),

which we recognize as the three-form field strength in the six-dimensional Heterotic the-
ory (fJ). Substituting this back into the six-dimensional ITA Lagrangian, and changing
the sign of the dilaton qﬁ — —qﬁ, gives the Lagrangian of the six-dimensional Heterotic
theory. We see then that, at the level of classical supergravities, the theories are indeed
equivalent descriptions of the same physics.

5. Double duality twist reduction over T2

We have seen that the Heterotic theory compactified on 7% and the IIA theory compactified
on K3 give the same supergravity with effective Lagrangian in six dimensions given by

Lg = e ? <ﬁ * 14 *d(E/\ d$+ %d/\//\fjj N *dM\IJ — %ﬁ(g) A *ﬁ(g) — %M\[Jﬁé) N *ﬁé)>
(5.1)
As noted in [B, the theory has O(4,20) rigid symmetry, a discrete subgroup of which
lifts to a U-duality symmetry of the full string theory [4f]. In this section we consider
a further reduction on 72, twisting by two commuting elements of the discrete U-duality
subgroup O(4,20;Z) C O(4,20) over the two cycles of the T2, to give an effective theory
in four dimensions. Let 4, i = 1,2 be the T? coordinates. The reduction ansatz for the
duality twist compactifications introduces a y’-dependence in the fields according to their

9Up to total derivative terms which vanish in the action.
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transformation properties under O(4,20) [0, B3 so that, for the scalar and vector fields,
My and A{l), the reduction ansatz is given by

Miy(z,y) = O () My () OF 4 (y), Al(z,y) = O ;(y) A7 (z), (5.2)

where Of;(y) = exp(N;;'y%), with Ny’ taking values in the Lie algebra of SO(4,20).
Following established convention, we shall refer to O ; as the twist matrix and N;;” as the
mass matrix. The notation we adopt is that the fields with hats or tildes are y-dependent.

The structure constants N; ;! encode the monodromy around the i = 1,2 directions!?

Nyl = (aJI, 8y ,> (5.3)

where e is the SO(4,20) monodromy around the y' ~ y' + 1 direction and e” is that
around the y? ~ y? + 1 direction where [, 3] = 0. The condition that the two twists
commute is [a, 877 = a/fBx’ — Brfax’ = 2N1[i|KNU]KJ = 0 which is equivalent to a
Bianchi identity for the twist matrix

d2(eN'y)[‘] = (BN'y)[LNLiKNjKdei Ady’ = 0. (5.4)

Putting the reduction ansatz (f.J) into the six-dimensional Lagrangian (f.1)) and in-
tegrating over the y’-coordinates gives the Lagrangian for an A/ = 4, four-dimensional
gauged supergravity. This Lagrangian may be written in an O(6,22) covariant way

1 1
Ly=e? <R*1+*d¢/\d¢+§ # M) AH) + 5 * DMary A DMMY
1
_§MMN*f(f‘§) /\]-"é%) + Vsl (5.5)
The scalar potential is given by
1 1
V=e9? <—EMMQMNTMPStMNPtQTS + ZMMQLNTLPStMNPtQT5> , (5.6)

where Lygty p% = tyrvp are the structure constants for the gauged supergravity. At first
glance, there seems to be a discrepancy between this scalar potential and the general one
given by (@) The expressions are reconciled if we note that tMNthTSLMQLN TpPs —
NZ-UN]-KLLULIKLJL = 0 since LY = 0. The scalar fields My take values in the coset
0(6,22)/(0(6) x O(22)) where

gij + MIJA,-IA}] +dMCiwCji ¢*Cj  ¢FCy LIk A + M AK
My = glijk g¥ gt LIK-Af
PPCy L AR + My A g9 Lk A Mij+ g9 L LAl AY

The O(6,22) invariant is

01 0
Lun=|1L o o |. (5.7)
0 0 Ly

0ne can consider these directions as describing the canonical o and 3 cycles of the torus.
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In four dimensions, we may write this in the Einstein frame using the four-dimensional
Weyl rescaling

guu($) - e¢($)9uu(x) (5.8)

and then dualizing the H ) field to a scalar x as described in appendix E.3. Introducing
the axio-dilaton 7 = y + ie~® and defining

2 —2¢
+e X
My =e?| X , 5.9

7 e( X 1) (5:9)

the Lagrangian may then be written as
1 af 1 MN
1 1
—5 () May * Fi NFE) + 5saz(T)LMNJf(gW) NFly+ Vsl (5.10)

Written in this form, it is easier to see that the scalars M,z and M ; parameterize the space

x > . (5.11)

5.1 Gauge algebra

Introducing generators for the diffeomorphisms y* — y* + w® of the T2 as Z; and the
antisymmetric tensor transformations of the B-field, with one leg along the 72 and the
other in the non-compact four-dimensional spacetime, as X?, the gauge algebra of this
four-dimensional gauged supergravity is

(Z;, T1) = N,/ Ty, [T7,Ty] = NijiX', (5.12)
with all other commutators vanishing. We have defined
Niji = =Ny = LigNyi™. (5.13)
The gauge generators can be combined into a O(6,22) vector Ty as

Zi
=] X"], (5.14)
Ty

the algebra (F.19) may be written as [Ty, Tv] = tyn? Tp where the structure constants
of the gauge group are

tia’ = Nig?, Nrji = Lyg fir, (5.15)

and all other structure constants are zero. The derivation of this gauge algebra is given in
appendix E.2.
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6. Lifting to String Theory

In this section we elucidate the structure of the internal space given by the duality-twist
construction described above. Our main goal will be to understand the lift of the four-
dimensional gauged supergravity to a ten-dimensional string theory background. We shall
see that, whilst many of the duality-twists give supergravities which can be lifted to a
compactification of string theory on a conventional manifold, the generic situation cannot
be understood in this way. Instead, we can understand the lift of the supergravity as a
string theory on a non-geometric background. Such backgrounds do not have a realization
as a compactification of ten-dimensional supergravity, but nonetheless are good candidates
for consistent string theory backgrounds.

The string theory sigma model describes the embedding of the two-dimensional world-
sheet into the ten-dimensional target spaces described above where the O(4,20;Z) C
0(4,20) acts as a perturbative duality symmetry of the string theory. Therefore, in order
for the four-dimensional supergravity to have a physical ten-dimensional interpretation, in
which the string theory is globally defined, the monodromies around the 72 cycles must
take values in the discrete O(4,20;Z) subgroup of O(4,20). As we shall see, this restricts
the possible duality-twist backgrounds considerably.

6.1 Duality-twist compactifications of heterotic string theory

The duality-twist reduction leads to a natural interpretation of the four-dimensional su-
pergravities as arising from a compactification of Heterotic theory on a six-dimensional
background. In particular, we can think of the six-dimensional space as a T fibration with
monodromies along the two cycles of the T2 base. For there to be a well-defined string
theory background, the monodromies e® and e” are required to commute and take values
in the discrete T-duality group O(4,20;7Z).

Not all of these backgrounds will be geometries in the conventional sense and there
are many examples of duality-twist reductions lifting to non-geometric compactifications
of string theory [13, 0, BT|. As a warm-up, let us recall the example of a compactification
of bosonic string theory on T¢. The resulting theory will have an O(d, d) rigid symmetry
which can be used to perform a duality-twist reduction, over a circle S} with coordinate
x ~ z+1, of the kind described in the previous section and in [P0, BT, f. The monodromy
eV takes values in O(d,d; Z) C O(d,d), the discrete T-duality group of the string theory in
the fibres. It is useful to decompose the 2d x 2d twist matrix N;” into SL(d; Z) blocks [{7]

Ny = [ S B 6.1
oo () "

where exp(f,") € SL(d;Z). The resulting gauge algebra is [i7]
[Zma Zm] = fngn + Kmana [Zma Zn] = KmnXxy [me Zn] = fmnXx,
(X7, X" = QM X7, [Ze, X™] = fu™ X7

where Z, and Z,, generate diffeomorphisms of the S} and T cycles respectively and X?
and X™ generate antisymmetric tensor transformations of the B-field. As discussed in [[7],
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a compactification in which Q™" = 0, can be understood as a reduction on a conventional
torus bundle, in which the fibres are patched together by a large diffeomorphism, and K,
gives a non-trivial flux H = %Kmndx/\dzm/\dz” for the H-field strength. Compactifications
in which Q™" # 0 have monodromies for which the theory in the 7% fibres must be patched
together by a more general element of O(d,d;Z) involving T-dualities. Such backgrounds,
called T-folds, are conventional geometries in a contractible patch (or, for example, on
the cover S1 — R;), but will not be a conventional geometry globally. There is evidence
that such backgrounds, with only one type of structure constant turned on, are related by
T-duality [@, [4, (7, @], a relationship which may be summarized diagrammatically as

where the arrows denote a T-duality along a z™-direction of the torus fibre.

We now return to the Heterotic theory and consider an open contractible patch U, on
the base T2. The sigma model, describing the embedding of the Heterotic worldsheet into
the region U, x T%, has the discrete T-duality symmetry O(4,20;7Z). This sigma model
determines the local physics of the string theory, a global description requires one to specify
the transition functions between coordinates in different patches, U, and Ug say, on the
overlap U, NUg. From the duality twist construction we know that the transition functions
Oqp will be elements of O(4,20;Z) and so in order to understand the background we need
to understand the action of O(4,20;7Z) on the conformal field theory in the fibres. The
monodromy around a cycle with coordinate 3 ~ y’ + &% is given by exp(&°N;r”). Following
the description of the Bosonic theory above, we decompose the twist matrix as

fimn Kimn Mimb
Nyl = Qi —fi,m witm |, (6.3)
_Wian _Mina Siab
where Ming = 0 M? . Kpni = Knmi, Qi™ = —Q;™™ and Wi, = 6,W;?™. This is the

m)

most general form for which N;7; = N;;® L j = — N1, where

Kimn fzmn Mima
Nigg= | —=fin™ Q™ wW;@m |, (6.4)
—Miny =Wip"  Siab

where S;up = 04S¢ = —Sipe. There are further quadratic constraints on the elements
of (B.3) coming from the Jacobi identity N el Ny k7 = 0. Decomposing the generators
T using (b.14) and (f.4), the four-dimensional gauge algebra (5.13) can then be written as

(Zi, Zm] = flm"Z + MYy + Kipn X, (Zms Zn] = Kimn X',
[(X™, Zp] = fim
[X™ ”] = sz”X ‘ (Zi, X™] = fi " X" + WY,
[ZZ,Ya] = 0 L™ Zpy + Mipa X™,
(Zm,Ya] = Mima X", [Ya, Yo] = Sian X"
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As mentioned in the previous section, the generators Z; and Z,, are related to the diffeo-
morphisms y* — y* +w’ and 2™ — 2™ +w™. The X’ and X™ are related to antisymmetric
tensor transformations of the B-field with one leg in the y* and 2™ directions respectively.
The Y, generate the U(1)'6 internal gauge symmetry. Our task now is to understand what
it means physically to ‘switch on’ the structure constants (or ‘fluxes’) in the above gauge
algebra.

Upon circumnavigating the cycles of the base T2 the effect of the twist matrix O’/ =
exp(N;r”7y") on the fields on the T* is M = OT MO where My is given by fE3). To
understand the effect of the duality twist on the 7 fields, it is considerably easier to work
in terms of the vielbein V : O(4,20) — O(4) x O(20) given by M = VTV where M is given
by (.3) and

~

-m ~m ~m Aa
€ a —€ aCmn_e a‘lm

Vhi=| o e 0 (6.5)
0o A 5,0

where e : GL(4) — O(4) is the vielbein for the 7% with metric Gy, = 5a5’e\amé\ﬁn and
Cnn denotes .
~ n Ta n

The duality twist reduction ansatz is then simply lj(y) =V-0(y).

6.1.1 Geometric flux f;,,"

Consider first the case where the only non-zero structure constant in .4 is Ny,™ = fim™.
The duality-twist matrix is

exp(y" fim™) 0 0
o1l (y, f) = 0 exp(=y'fin™) 0 |, (6.7)
0 0 5ab

and it is equivalent to multiplying, or twisting, every 2z fibre index in the reduction ansatz
by exp(y’ fin"). For example, the metric of the T* becomes

Grmn (1) = (eylfi)mpgpq(eyjfj)qm

with line element
ds® = Gn (y)d2™ ® dz"

on the T% fibres. Equivalently, this twist may be implemented by twisting the harmonic
forms on the T* fibres

dz™ — o™ = (e_yifi)mndz", dyt — o = dy,
so that they are no longer harmonic but satisfy the Maurer-Cartan equations

do™ + fin ™ot Ao™ =0, do' = 0.
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The reduction ansatz for the fields is then given by replacing (dz™,dy’) in the standard
Kaluza-Klein reduction with (¢, ¢%). For example the reduction ansatz for the metric
becomes

ds? = gpno™ @ o™
The one-forms (o, 0™) are the natural left-invariant one forms on the group manifold G
with algebra generated by the vector fields K,, = (eyifi)m”(?n and K; = 0;, dual to the
forms (o, ™), which satisfy the commutator relations

[Kime] = fimnKna [KmyKn] = 0.

The reduction can then be thought of as a standard compactification on the six-
dimensional group manifold G. In fact, one need only require that the manifold is locally of
the form G. Globally the internal manifold can be the twisted torus I'\G where I' C G is a
discrete subgroup of G, acting from the left, such that I'\G is compact [i]]. Such discrete
groups, which ensure that I'\G is compact, are called cocompact groups. Examples of flux
such compactifications on twisted tori were studied at length in [[[4, [[§, [§, iJ]. Generally
the group G will not be compact and so a duality-twist reduction with such a monodromy
can only be realized as a compactification when such a cocompact subgroup can be found.

We see then that such a N' = 4 gauged supergravity lifts to a compactification of
Heterotic string theory on a six-dimensional twisted torus I'\G which may be thought of
as a topologically twisted T* bundle over T2.

6.1.2 Compactifications with H-flux

We now consider the case where the only non-zero structure constant in (@) is Nippn =
Kipn. For this choice of structure constant, the calculation of the twist matrix is simplified
greatly by the fact that NuJNjJK =0, so that O77(y, K) = 6;7 + y*N;1”, or

5mn lezmn 0
o'y, K)=| 0 6&," 0
0 0 Oab

The duality twist, with this parameter, reproduces the result of the following reduction
ansatz for the vielbein V(y) = VO(y):

eo —e™y (Cmn - Kmmyl) —emaAfn
Vi) =] 0 em” 0 , (6.8)
0 Ae 8a?

which may be summarized as the reduction ansatz
Gnn(@9) = gun (@), Boymn(2,9) = Boyn (@) = Kmnit', A (2,y) = A (2).
thus, the effect of this duality-twist reduction is equivalent to introducing a constant H-flux
H=H+ %Kmmdzm Adz" A dy'.

and the gauged supergravity lifts to a Kaluza-Klein compactification on 7% with constant
H-flux on three cycles of the six-torus.
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6.1.3 Compactification with F-flux

A slightly less trivial example is the monodromy corresponding to N;,* = M;,,*. It is not
hard to show that the twist matrix in this case is given by O;/(y, M) = 6;7 + ' N;17 +
%yiyjNilKNjKJ so that

5mn _%yiijimanna yiMima
Oy, M) = 0 Om™ 0
0 =Y Mimp 0%
The twist matrix is of the same form as the vielbein V, so that the monodromy will

preserve the form of V and not mix the components. This is a clue that the monodromy
has a geometric action on the internal fields. The vielbein reduction ansatz

17A1(y)
ema _ema (an+%6ab(Ama_Mmiayi)(Anb_Mnibyi)) _ema (Ama_Mmiayi)
= 0 em® 0
0 Ama - Mmiayi 6ab

reproduces the results of this monodromy, and this duality-twist ansatz is equivalent to the
reduction ansatz

§mn(x,y) = gmn($), E(O)mn(xay) = B(O)mn($)7 A\[rln(xay) = Agn(:p) - ]\4mnzyZ

This duality twist reduction therefore can be thought of as adding a constant flux to the
U(1)'6 gauge bosons
ﬁ(‘g) = iy — Min"dy’ A d2™.

so that the half-maximal gauged supergravity with structure constants M;,,® can be lifted
to a compactification of Heterotic string theory on T with constant flux on the F-field
strengths wrapping T2 cycles inside the 7%. Compactifications on twisted tori with such
fluxes on the F-field and also on the H-field as discussed above were studied in detail in [[[§
for more general geometric backgrounds than the torus fibrations considered here.

6.1.4 Non-geometric flux Q;""

Let us now consider the duality-twist arising from setting all structure constants in (f.3)
to zero, with the exception of N;™ = @Q;™" = (a™",[™"). The only requirement is
that the monodromies around the cycles of the T2 take values in the T-duality group
0(4,4;7Z) C O(4,20;Z). Such a duality-twist reduction of the supergravity lifts to string
theory compactified on a T-fold background of the kind discussed in [[3, [[9, [7]. Let us
consider this in more detail. The twist matrix is

5 00
O’ (y,Q) = | y'Q™ 6" 0 |- (6.9)
0 0 0%
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The twist matrix is not of the same form as the vielbein and so will not generally preserve
the upper triangular form of the vielbein (f.§). This is an indication that the background
corresponding to this gauging is non-geometric.

Ly is the invariant of O(4, 20) given in ([£.4) and acts as a T-duality along all directions
in the 7* [F00). The easiest way to see that this reduction is equivalent to a T fibration
over T2, the monodromies of which includes a T-dualities, is to note that this twist matrix
can be realized as the H-flux twist matrix O(K), conjugated by the action of T-duality
along all of the T fibre coordinates

0'(Q) = L' x OF | (K) L, (6.10)

where Q;""" = 0"P0"1K;,,. Let the periodicities of the o and 3 cycle coordinates on the
T? be y* ~ y' + £, then the monodromy in M, as we circumnavigate the cycles of the
T2, is given by My ~ OIK(Q)MKLOLJ(Q”yi:fi, where the twist matrices are evaluated
at y' = ¢'. Locally, over a simply connected region of the base T2, the theory in the fibres
is described by a free Heterotic CFT on T%. As we circumnavigate the base the theory is
identified by this monodromy, which is an action of O(4,20;Z) which includes a T-duality.
Since the action of T-duality is a symmetry of the 7% CFT the background is smooth from
the point of view of the string theory, even though it is not a conventional geometry and
does not admit a ten-dimensional supergravity description.

6.1.5 Non-geometric flux W;,”*
The flux W;™@ plays a similar role to the flux Q;"". It is not hard to show that

5"y 0 0
Oy, W) = | =gy’ Wi Wja" " y'Wi™ |, (6.11)
Y Wia" 0 %

which is equivalent to the F-flux twist matrix O(M) considered above, conjugated by a
T-duality
Oy, W)! = L’X O™ (M) Lyy. (6.12)

The background is a T-fold in the spirit of the previous example, in that the monodromy
includes a T-duality and can be thought of as a conventional flux compactification, seen
through the distorting lens of a series of T-dualities along all fibre coordinates. However,
this Heterotic T-fold background has no analogue in the Type II or bosonic string theories
due to the important role the internal gauge fields A® play which are only present in the
Heterotic and Type I string theories. It is interesting to note that the quadratic part of
the twist, —%yiyj W;™W;", plays a similar role to the non-geometric flux Y Q™ in a
conventional T-fold, except there is a symmetry as opposed to an antisymmetry of the
un-contracted indices.

6.1.6 Topological twisting of the Cartan torus

If we treat the Cartan torus of the Eg x Eg or Spin(32)/Zy as a bona-fide geometry, then
Sia’ can be thought of as a geometric flux which describes a non-trivial fibration of the

— 25 —



Cartan torus over the base T2

or'(y,$)=1 0 &, 0 . (6.13)
0 0 exp(Smbyi)

We can then think of this gauged supergravity, where all structure constants except S;o°
vanish, as arising from a standard geometric compactification on 7% in which the U(1)'6
fibration over the internal 72 is not trivial but has a topological twist with monodromy
exp(S;, ¢") as we circumnavigate the cycles of the 72. The monodromy must take values
in O(16;Z) in order for the gauge bundle to be smooth.

It is worth noting that this interpretation of the different components has only limited
viability. While we have given here an interpretation of every single component, this
cannot be used to interpret every combination of components. Some combinations, such
as a combination of a geometric flux f- and an H-flux, can be interpreted in this way (as
an H-flux compactification on a twisted torus), but others, for example a combination of
H- and Q-flux may not have so straightforward an interpretation.

6.2 Duality-twist compactifications of type-ITA string theory

We now consider lifting the gauged supergravities (5.10) to ITA string theory. Although
the procedure we shall follow, of analyzing the effect of specific classes of monodromies on
the fields in the fibre, is similar, there are important qualitative differences to the Heterotic
case discussed above. For the Heterotic case, the metric moduli of the T fibres are in one-
to-one correspondence with the components of the 7% metric. We may therefore consider
the monodromy to act directly on the metric of the 7. Indeed, in the previous section,
we saw that it was possible to show how the SL(4;Z) monodromy acts on the coordinates
of the T* fibre. The fact that we can describe how the coordinates 2™ transform under
the monodromy will allow us to construct a worldsheet description of these backgrounds
in section seven. By contrast, the moduli of the K3 are not in one-to-one correspondence
with the components of the K3 metric and deducing the direct action of the monodromy
on the coordinates of the K3 fibre goes beyond our present considerations. Instead, the
monodromy acts directly on the two-forms Q4 and b4 and the volume modulus p. This is
enough to give an accurate description of how the K3 is fibred over the T2 base.

As before, the possible mass matrices N;;” take values in the Lie algebra of SO(4,20)
such that the monodromies around the 7?2 cycles are in the U-duality group O(4,20;7Z) C
0O(4,20). The K3 fibres have mapping class group (the group of large diffeomorphisms)
0(3,19;Z). The generators of O(4,20;Z) can be decomposed in terms of the generators of
0(3,19;Z). Similar to the Heterotic decomposition of N;;” according to SL(4; Z) discussed
above, it can be shown that a general twist element taking values in the Lie algebra of the
continuous group SO(4,20), can be written as

“A; 0 KB 0 A Kia
Nyt = 0 A QP ], Nirg = A; 0 Qia |- (6.14)
—Qia —Kia Dis® —Kia —Qia DiaB
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As we will now show, the requirement that the monodromy is in O(4,20;Z) restricts the
form, or texture,'! of the twist matrix further. Let us consider first the monodromy with
mass matrix V; = A;. The twist matrix is

s A | B
O (y,A) = 0 eMv' 0 (6.15)
0 0 65

which, upon circumnavigating the cycles of the T2, simply has the effect of re-scaling the
volume of the K3 fibre and corresponds to the reduction ansatz

ﬁAB(x¢y) = HAB($)7 ﬁ(iﬂ,y) = p(gj) + 2Aiyia bA($7y) = bA(:E) (616)

A priori, one might expect this to provide a reasonable reduction ansatz, however the
constraint that the monodromy is in O(4,20;Z) means that e and e~ must be integral.
This is only the case for A = 0, and so, only in the trivial case, can such a reduction ansatz
be realized as a compactification of string theory.

Thus, the most general mass matrix N;;”7, such that exp(N;;7¢%) € O(4,20;Z) is then

0 0 KB
Nyt = 0 0o aof |, (6.17)
— Qi —Kia Dis®

where ;&' = napkiBE € Zs19, Qinl® = napQiP¢ € Zz19 and Pt € 0(3,19;2)
and we have taken the identifications of the T coordinates to be y* ~ y* 4+ £°. The gauge
algebra of the general gauged supergravity, arising from a reduction of this kind, is then

(Zi, J] = Ki\Ta, (Z;, J] = QiTa, (Zi,Ta] = DiaBTp — Kind — QiaJ,
(T4, TB] = Dapi X', [J,Ta] = Kin XY, [J,Ta] = Qia X",

where the physical significance of the generators was discussed in sections two and three.
Note that the requirement that the monodromy be an element of O(4,20;Z) means that
the commutator [J, j] = A; X = 0, a result which would not have been possible from a
direct consideration of the four-dimensional Lagrangian.

As for the Heterotic case, it is useful to define a vielbein V : O(4,20) — O(4) x O(20)

such that M = V- VT where M is given by (). The y-dependent array M is given in
terms of the twisted vielbein V(y) = O(y) - V. The vielbein can be given by

e"3P  e3P( —bavd,
VA= 0 ezP 0 , (6.18)
0 —e_%pbA VAa
where v : SO(3,19) — SO(3) x SO(19) is a vielbein such that HAP = p4,(7T)eB
where v, = nABVBa.

"The term texture is often used to describe the qualitative features of quark and neutrino mass matrices.
The term seems well-suited to also describe the qualitative features of the mass and twist matrices here.
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6.2.1 Geometric O(3,19;Z) twisted reduction

The gauged supergravity with structure constants Nj4? = D;4? corresponds to duality
twist compactifications with twist matrix

10 0
Oy, D)=]101 0 (6.19)
00 ePia”y'

and can be realized as a smooth, geometric, K3 fibration over T? for exp(D;s?) €
0(3,19;Z), for i = 1,2. The action of this monodromy on the K3 moduli gives the
reduction ansatz

Hp(x,y) = (P 0H p(@)(€PV) P, Bla,y) = p@), ba(@,y) = (€PV)a bp(a).
(6.20)
To see what this means, recall the definition of H4p in terms of the holomorphic two-
forms defined on the K3 fibres as *Q4 = HA5OPB. In order for this relation on the four-
dimensional K3 to hold globally on the six-dimensional SU(2)-structure internal space,
this equation must be replaced by *Q4 = HA08 where the Q4 = (P )4508. Thus
the duality-twist reduction with mass matrix D;4? is equivalent to an SU(2)-structure
compactification on a six-dimensional manifold where the harmonic two-forms Q4 of the
the K3 manifold are replaced by the two-forms QA(y) which are not closed but satisfy

dO* — DigA0P Ady' = 0. (6.21)

We encountered this SU(2)-structure manifold earlier in section three. To see why the
structure constants D;p = (aA B, [3‘4 ) must take values in the generators of the discrete
subgroup SO(3,19;Z), recall that although K3, like a Calabi-Yau three-fold, does not
have any continuous isometries, it does have discrete isometric symmetries. These large
diffeomorphisms preserve the lattice Zs3 19 and generate the discrete group SO(3,19;Z). Let
the T? coordinates be given by y' ~ y' 4+ 1 and y?> ~ y? + 1. Upon circumnavigating the
cycles of the T? base, the K3 comes back to itself up to a the action of exp(a ) along the
y' cycle and exp(84p) around the y? cycle. The background will only be smooth if o
and 345 are elements of the mapping class group SO(3,19;Z) of the K3 fibres.'?

6.2.2 Compactifications with H-flux

Let us now consider the gauged supergravity with non-zero structure constants K;4 for
i = 1,2. The twist matrix in this case is

1 —3KialCihy'y? ity
o' (K,y)=10 1 0 (6.22)
0 —Kigy' 55

12This is analogous to the simpler three-dimensional nilmanifold construction in a T2 is fibred over a
circle with monodromy in SL(2;Z) - the mapping class group of the T2 fibre @]
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which is equivalent to the reduction ansatz
ﬁAB(‘Tay) = HAB(x)7 ﬁ(x7y) :p(ﬂj‘)7 EA(x7y) = bA(-Z') +K;Aiyi7 (623)

and so it is clear that this gauged supergravity arises from a compactification on the trivial
bundle K3 x T? with constant H-flux

H = H + Kiady' A QA (6.24)

The geometric reductions discussed above where DjsZ,KC;4 # 0 only make use of the
subgroup O(3,19;Z) x Z3 19 C O(4,20;7Z) as topological twists in the K3 fibration over
T2. We shall refer to this as the geometric monodromy subgroup. This is in contrast
with the other monodromies in O(4,20;Z) which produce backgrounds which cannot be
thought of geometric compactifications in the standard sense. It is to these non-geometric
compactifications to which we turn next.

6.2.3 Mirror-folds and non-geometric backgrounds with Q,” flux

The description of these backgrounds as K3 fibrations over T2 suggests that there should
be a family of 1T A reductions constructed as K3 fibrations over 72 with monodromy taking
values, not just in the geometric subgroup O(3,19;Z) x Z3 19 C O(4,20;Z), but in the full
duality group O(4,20;7Z). In particular, we are interested in duality-twist reductions where
the twist matrix takes the form

1 0 O
Oy, Q) = — 2704 Q4 1 yiQA |, (6.25)
—y'QiB 0 §p

which produces a gauged supergravity with structure constants Q;”. The first thing we
notice is that this twist matrix will not preserve the form of the vielbein (6.1§), i.e. the
zero entries in the matrix V will generally not be preserved in the twisted vielbein V. An
O(4) x O(20) transformation can be used to restore V to the form (B.18) but, as for the
Heterotic T-fold example considered in the last section, this mixing of p, by and H4 5 in the
reduction ansatz, is indicative of a twist giving rise to a non-geometric background. Another
similarity between the T-fold monodromy and the case we are considering here is that the
twist matrix may be given in terms of the H-flux twist matrix O(y, K), conjugated by Ly

0%y, Q) = Ly OF L(y,K) LM, Q4 = KipnP4,

which is reminiscent of the relationship between O(y, K) and O(y, Q) in (b.1(). In (6.10),
the action of the O(4,20) invariant L;; was identified as a T-duality along all cycles of
the T* fibre. Here, although the interpretation is not as clear, we will argue that gauged
supergravities with structure constants NA = ;4 lift to a compactification on a non-
geometric background which exhibits many characteristics similar to that of the T-fold.
It was shown in Q] that the moduli space of N' = (4,4) conformal field theories,
describing embeddings of the worldsheet into K3 manifolds with a B-field, is given by

O(4,20; Z)\O(4,20)/(0(4) x O(20))
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where the discrete U-duality group O(4,20;7Z) is generated by the following symmetry
transformations 51, pJ]:

Mapping Class Group: O(3,19;7Z) is the mapping class group of a K3 fibres. The
background given by the duality-twist with mass matrix D;4? has been shown above
to generate all such fibrations with monodromies in O(3,19;7Z).

Integral B-Field Shifts: The H-flux background, given by the duality-twist reduction
with mass matrix K;4 gives a monodromy to the B-field by ~ ba+1C;4£%, where K;4£°
takes values in the discrete lattice Z3 19. All elements of O(4,20;Z) corresponding to
integral B-field shifts are therefore accounted for by the mass matrix /C; 4.

Mirror Symmetry: The mass matrices D;j4P and Kja together account for the ge-
ometric subgroup O(3,19;Z) x Z319 C O(4,20;Z). In addition, there is a version
of Mirror Symmetry for K3 manifolds, which gives a Zy contribution to the du-
ality group O(4,20;Z). In fact, it has been shown'?® that the geometric symmetries
O(3,19;Z) x Z3 19 and this Zy Mirror map generate the full O(4, 20;Z) duality group.

The familiar Mirror symmetry relation between Calabi-Yau three-folds involves the
exchange of complex and complexified Kéhler structures on mirror pairs of manifolds.™
For K3, one may choose any one of the real two-forms j, Re(w) and I'm(w) to be paired with
the B-field to give a complexified Kahler structure, the other two give a complex structure.
One may think of Mirror Symmetry as exchanging these complex and complexified Kahler
structures, as is the case with Mirror Symmetry for Calabi-Yau three-folds. However, this
split of the hyperkahler structure into complex and Kéhler structures is not unambiguous
and the SO(3) relates different choices of complex structure to each other. A clear definition
of Mirror symmetry for N' = (4,4) string theory on K3 manifolds is therefore not as
straightforward as that for Calabi-Yau three-folds. In spite of these complications, it is
reasonable to expect that the action of the invariant element L;; is related to this Zs
mirror symmetry. Inspired by the T-fold construction, we conjecture that this background,
with a duality-twist given by the mass matrix Q;4, can be interpreted as a Mirror-fold.

The idea of a Mirror-fold is not new (see, for example, R0]) and in [2J a CFT for
the interpolating orbifold corresponding to a Mirror-fold was explicitly constructed. The
Mirror-fold proposed here is a smooth, non-geometric, string theory background, given by
a K3 fibration over T2 in which the K3 fibres are patched together by a transition function
which includes a Mirror Symmetry.

There is possibly a much closer relationship between the T-fold constructions of [
and the Mirror-fold proposed here in the case where the K3 is elliptically fibred. In this
case the K3 is a T? fibration over CP' ~ S2, where the complex structure of the fibres
is a holomorphic function of the base coordinates. Mirror symmetry for the K3 can be
thought of as T-duality along both cycles of the elliptic 72 fibres [fJ]. We may consider
performing the T-duality fibre-wise, despite the absence of continuous isometries in the K3.

13See [@] and references contained therein.
The Kéhler form J is complexified by including the B-field to give the complexified K&hler form J + ib.
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In [[J], a three-dimensional T-fold was constructed as a T2 fibration over S!, where the
theory in the T2 fibres is patched, upon circumnavigating the base, by a double T-duality
along the fibres of the 72. If we now think of this 72 as corresponding to the 72 fibres
of an elliptically fibred K3, then we can think of this five-dimensional Mirror-fold as a
particular example of a three-dimensional T-fold, fibred over CP! base. The generalization
to a six-dimensional Mirror-fold, by including an extra S! is straightforward.

Similar to the heterotic case, the interpretation of individual components of the mass
matrix does not have a straightforward generalization to multiple non-zero components. It
is possible to reproduce a dimensional reduction with both D;4” and K;4 non-zero as a
reduction of ITA supergravity on a K3 bundle with an H-flux, but an interpretation of a
dimensional reduction with, for example, K;4 and Q;4 both switched on is not so readily
given.

6.3 Duality of the different backgrounds

In the previous two subsections we considered the lifting different gauged supergravities to
compactifications, possibly with fluxes, of string theory. Of the reductions considered, it
was useful to split the mass matrices into different classes and we shall be concerned here
with understanding the way in which these different classes of compactifications may be
related to each other. In particular, we shall discuss to what extent the action of the group
0(4,20;Z) on the space of all N' = 4 gauged supergravities can be thought of as a duality
symmetry of the string theory.

The massless N' = 4 gauged supergravity has a rigid SL(2) x O(6,22) symmetry which
acts on the bosonic degrees of freedom (the fermions transform under the maximal compact
subgroup) where the discrete subgroup SL(2;7Z) x O(4,22;Z) is conjectured to lift to a U-
duality symmetry of the ten dimensional string theory [#6]. As shown in [R4], the gauged
theory can be written in an SL(2) x O(6, 22)-covariant way.

The action of SL(2) x O(6, 22) does not preserve the gauging and the structure constants
of the gauge group transform covariantly under SL(2) x O(6,22) as

tarint — UPUMCUN 07 (U1 6T Eart — UPUMN Egn

where U,? € SL(2) and Uy € O(6,22). The structure constants play the role of masses
and charges in the four dimensional supergravity, data which we usually think of as fixed for
a given effective theory. Thus, the action of SL(2) x O(6,22) maps one gauged supergravity
into another, inequivalent gauged supergravity; however, one might conjecture that the
action of the discrete subgroup SL(2;Z) x O(6,22;7Z) still lifts to a symmetry of the string
theory. Another possibility is that only a subgroup of SL(2;7Z) x O(6,22;7Z) survives as a
duality symmetry of the string theory.

The gaugings arising from the O(4,20;7Z) duality-twist reductions considered in this
paper give rise to N' = 4 gauged supergravities, the gauge groups for which are characterized
by the structure constants

tun? = o on16T N’
where M = 1,2,...28, ¢+ = 1,2 and I,J = 5,6,...28. Here, we shall only consider the
action of O(4,20;Z) C 0(6,22;Z) on these structure constants and leave a discussion of
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the action of the full O(6,22;Z) for section eight. Under this action of O(4,20;Z) the
structure constants transform as

tir! — Ut (U7

where U!; € O(4,20;Z) (recall that for the gaugings considered here &,3s = 0). This is
equivalent to the action on the mass matrix N;;7/ — UIKNZ-KL(U_I)LJ.

Within O(4,20;Z) are sets of discrete Zo duality symmetries which one might call
strict dualities. These include the Zy T-duality symmetries discovered by Buscher in [p]
or the K3 Mirror Symmetries discussed in the previous sub-section. For example, the
O(d, d; Z) discrete symmetry of the Bosonic string theory compactified on a d dimensional
torus background may be decomposed into the action of SL(d;Z) (the mapping class group
of T%), discrete (constant) B-field shifts'® and a set of d Zs strict T-duality symmetries
which exchange momentum and winding modes. We consider now how the action of such
strict Zg dualities in the O(4,20;Z)-action of U 17 are expected to relate the backgrounds
considered in the previous sub-sections.

6.3.1 Heterotic T-duality

For the Heterotic string compactified on T#, the O(4, 20; Z) is a T-duality symmetry of the
theory and may be decomposed into the SL(4;Z) mapping class group of the T#, discrete
shifts in the B-field and gauge potential A* and a set of strict Zy T-duality symmetries.
The action of the strict T-dualities relates different gaugings and is summarized in the
following diagram

| |
My — W™
!
Sia” (6.26)

where the horizontal arrows denote the action of a Zo C O(4,4;Z) C O(4,20;Z) strict
duality which is common to the Heterotic and Bosonic string theories. The vertical arrows
denote the action of those strict dualities that do not have a counterpart in the Bosonic the-
ory, i.e. those T-dualities which directly involve the sixteen gauge fields A®. One may think
of this as a Heterotic generalization of the bosonic T-duality sequence (.4). There is some
evidence [L] that, for certain choices of structure constants, some of these backgrounds
are indeed T-dual to each other. In particular, it was shown in [i] that certain H-flux
backgrounds, characterized by the structure constants Kj,,,, are physically equivalent as
string backgrounds, to the twisted tori, characterized by the structure constants f;;,,".

5which preserve the partition function
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6.3.2 ITA mirror symmetry

The ITA case is much simpler as there is only one strict duality - the K3 Mirror Symmetry
- which, we conjecture, acts as
Kia — Q%

If we treat the Mirror Symmetry as two T-dualities along the fibres of an elliptically
fibred K3 [pJ], then we can see that there is some similarity with the bosonic T-duality

sequence (f.2).

7. Heterotic worldsheet theory

A principal concern of this investigation has been to realize a class of half-maximal
gauged supergravities within the framework of Kaluza-Klein theory and thus give a higher-
dimensional interpretation to the these four-dimensional effective theories. The ultimate
goal of this programme is to obtain such gauged supergravities, not just from higher-
dimensional supergravities, but also as full string theory scenarios. We have seen that
many of the half-maximal gauged supergravities do not lift to compactifications of field
theory on a smooth manifold, but are possible candidates for non-geometric string the-
ory backgrounds.

As a first step in the study of such backgrounds from the string theory perspective,
we present in this section a sigma model description in which the backgrounds studied in
previous sections can be described. Due to the difficulties of an explicit construction of
sigma models on K3 the discussion will be confined to the Heterotic theory, although we
believe a corresponding study of the IIA model in the orbifold limit of the K3 fibres is
tractable. It would also be interesting to see if the ITA description can be studied from
the perspective of the gauged linear sigma model along the lines of [55, ff]. The challenge
here would be to correctly apply the duality-twist in a way that did not affect the proper
renormalization group flow of the linear sigma model. We hope to return to these issues
at a later date.

The approach that we will take to study the Heterotic theory is based on the doubled
formalism of [[J, [[J]. We double the internal T* coordinates z™ as in [[J] by introducing
dual coordinates Z,, for a dual torus T‘l, conjugate to the winding modes wrapping the cy-
cles of T%. A self-duality constraint is then imposed to ensure the doubled theory describes
the correct numbers of degrees of freedom.

We shall see that the O(p, ¢; Z)-covariance of the heterotic theory, where p # ¢, in-
troduces new issues not found in the O(p, p; Z)-covariant models studied in [[J, [J. In
particular, we have to consider the doubling of the left-moving scalars taking values in
U(1)'. These scalars x1% can be thought of as describing embeddings of the left-moving
string modes into the Cartan torus, 719, of Fg x Eg or Spin(32)/Zs. A priori, it is not clear
how to treat these chiral fields in a doubled formalism. The solution we propose here is to
double these degrees of freedom by introducing right-moving modes x g%, also describing
embedding into the Cartan torus. The self duality constraint becomes a chirality constraint
on the fields x® which ensures that the theory has the correct number of chiral degrees of
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freedom. The coordinates on the doubled fibres are X! = (2™, Z,,, x*) where the ‘internal’
bosonic coordinates x* take values in the Cartan torus of Eg x Eg or Spin(32)/Zs. Initially
we impose no chirality constraint on the x® so we may think of the internal coordinates as
having been ‘doubled’. In this way, we may now treat the Cartan torus 76 of Eg x Eg or
Spin(32)/Zy as we would a conventional target space geometry and consider embeddings
of the worldsheet ¥ into this 724 ~ T4 x T* x T26.

7.1 Heterotic doubled geometry

Consider an O(4,20;Z)-twisted T fibration over T?. We are interested in constructing a
doubled formalism which encodes the data of this background, including the gauge fields,
geometrically. We denote the 26-dimensional 7%* fibration over T2 by 7, where

TH T x T x T — T
!
T? (7.1)

The coordinates on 7 are given by (3%, X!), where y' ~ y' +1 and y? ~ 32 + 1 are
coordinates on the 72 base and X’ (the index I runs from 1 to 24) are coordinates on the
doubled fibres. For a bundle with a monodromy taking values in O(4, 20;Z), the doubled
coordinates are subject to the identifications

(v XT) ~ (yi +¢&, (e‘N'f)IJXJ) ;LX) ~ (X ),

where ¢ = (1,1) and the cycles of the doubled torus fibre can be normalized such that all

I are also unity.

entries in «
In order to recover a conventional description of the background a polarization II must
be chosen - a projection that selects which of the twenty-four X! are to be identified as the

four spacetime coordinates. This may be written as
2™ =T

It is generally not possible to define the polarization globally. There are two cases in
particular in which a global description of the spacetime cannot be given. The first, where
we consider the only non-zero entry in the twist matrix to be N;”™ = @Q;™", then the
coordinates on 7 are subject to the identifications

(yl ) 2™ ) 2m7 Xa) ~ (yz + gz ) 2™+ Elemngn ) 2m7 Xa) )

and we see that the monodromy mixes the 2™ and Z,, coordinates together and so the po-
larization is not well-defined under this monodromy. This phenomenon has been discussed
for the bosonic string in [P{, p7q]. A second example, which does not arise for the bosonic
string, occurs when the only non-zero entry in the twist matrix is N;*" = W;%™ so that
the coordinates on 7 are then subject to the identifications

(ylv Zm7 Zmy Xa) ~ <yz+£z’ zm_§£Z£]Wimawjan2n_£ZWiamxa7 gmv Xa+£ZWima2m> )
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and we see explicitly that the monodromy mixes the 2™, Z, and x® coordinates and
therefore does not preserve the polarization.
Once a polarization is chosen, the metric g, (y), B-field B, (y), and gauge fields

A,,%(y) on the T fibres define a y-dependent metric My (y) = (e N¥) K My (e N )L,
where the y-independent M can be written, in this polarization, as

9mn — mpgpchn + AmaAna Cmngnp Ama - CmngnpApa
MIJ = _gmpcpn gmn _gmnAna ) (72)
Ap® + Apagpncnm —Apg"™ bap + Amag™" Anp

where C,,;, = Bpn + %AmaAn“. The T* metric, B-field and gauge fields, each with one leg
on the T*#, define a connection of the 7%* bundle A (y) = (e N¥)! ;A7;dy’, where

A™;
AIi = Bmi + anAnz
A%,

7.2 Sigma model for the doubled torus fibration

Following the strategy pioneered in [[ (see also [B§, B9]), a sigma model, describing the
embedding of a worldsheet X into the doubled target space 7, is given by

Sy, X1 = Z}éM(y)def A *dX7 + Zjéz@mdxf AdX + w{zdxf A *J1(y)
1 . 1 . .
+§]é Gijdy' N xdy’ + 5?4 Bijdy' N dy’, (7.3)
P P

where

~ —

~ -~ 1
Ji(y) = M(y) gAY — *Li; A (y), Gij = gij + §MIJAIiAJj7

and g;; is the metric on the T? base. A now denotes the pull-back of the connection
form to the worldsheet, so that Al = A1 Oayido® where 0 = (1,0) are coordinates on X
and d = do®0,, is the worldsheet exterior derivative. We choose to omit contributions to
the sigma model coming from embedding ¥ into the four-dimensional noncompact space.
These contributions are important in finding exact solutions based on these fibrations that
can be included without difficulty. Their omission here is simply for clarity of exposition.
We also define

0 1,0 0 I, O
O ;=1 -1, 0 0|, Liyj=11, 0 0 . (7.4)
0 00 0 0 Ty

It is useful to define the one forms on 7°
. . NS
Pi—dy, Pl= (eNiy> X
These forms are globally defined on 7 and satisfy the worldsheet Bianchi identities

dP* =0, dP! - N //PIAP! =0. (7.5)
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The sigma model may be conveniently written in terms of these one-forms as
i I 1 I g 1 I . I
Sy, X'l = = ¢ MyP NP7 + = ¢ Or;dX" NdX? 4+ = ¢ P AxJp
4 Js 4 Js 2 /s
1 - Co1 . .
+— ?{ Gijdyl A xdy! + = ?{ Bijdy’ Ady?, (7.6)
2 Js 2 Js

where

Jr = M[JAJ — *L[J.AJ.

The correct number of physical degrees of freedom are ensured by the imposition of the
self-duality constraint [[[2]

Pl =LY (Mg * PE +xJ5). (7.7)

This constraint is compatible with the equations of motion of the action ([7.6) and Bianchi
identities (7.§). In the classical theory, once a polarization is chosen, the self-duality
constraint may be used to eliminate the auxiliary degrees of freedom Z,, and ygr® in the
equations of motion. One then finds a conventional description of the system described by
a set of equations of motion written in terms of the physical fields 2™ and xp* We now
turn to the more involved issue of imposing this constraint in the quantum theory.

7.2.1 Constraining the quantum theory

There is a U(1)?* isometry symmetry of the target space X! — X! + ¢/ which is manifest
in the sigma model as a rigid symmetry of the two-dimensional field theory. For the
bosonic string, it was shown in [[[J], that a self-duality constraint of the form ([.7) can be
imposed in the quantum theory by gauging a maximally isotropic subgroup of the rigid
U(1)** symmetry. The rigid symmetry we wish to gauge is a U(1)!? which acts on the
coordinates as

0z™m =0, 0Zm = €m, ox* = €.

This may at first appear to produce a gauging of U(1)?°; however, we shall require that
de® = xde® so that €* only describes eight independent parameters and therefore only

8

gauges a U(1)°. Including also the four parameters €,,, there are then twelve indepen-

dent parameters, corresponding to the gauge group U(1)!2. The effect of this chirality
condition on the gauge parameter will be that only the right-moving part of x* will be
gauged. Following [[Lg], the gauging proceeds by minimal coupling in the kinetic term of
the sigma model

dX' — DX! = dX! + 7,

where the gauge worldsheet one-forms are C! = (0, C,,, C%) which transform as
0C, = —depm, 0C* = —de?,
and C* = =C* is chiral. One must also introduce the Wess-Zumino term

1
§L1JPI neY.
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where we have introduced the duality-twisted one-forms C! = (eN 'y)I 7C7. We shall choose
to set the background one-forms A’ to zero. This is done to simplify the exposition and
the general case, in which A! # 0, follows in a straight-forward manner.

The gauged sigma model is
. 1 1 1
Sy, X!, Cpp, C% = ~ 7{ MipsPT AP + —74 O dXt A dX + —7{ PLA T}

4 Js 4 Jx 2J)s
1 1

+§LU7?I N7+ ZMucf A C7
1 . 1 . _

—I——% Gijdy’ A xdy? + —% Bijdyl A dy?, (7.8)
2 Js 2 Js

where
j] - M]JPJ — L[J *PJ.

Following [[[9], one can show that, by completing the square in C,, that the action splits
into two parts

S[yZ7XI7 Cm, Oa] = S[yl’ Zm7 Ca] + S[Am]7

where A, = (eN 'y)m "dZ,+Cm+. .. appear quadratically in the action. In the path integral
one performs a change of variables in the integration measure from a functional integration
over Cp, to one over A,,. We may then integrate out the A,,. The determinant coming
from integrating out these fields, in addition to the Jacobian factor arising from the change
of variables in the integration measure, will contribute to a shift in the dilaton as described
in [[[9). One then finds that the remaining chiral gauge field C® acts as a Lagrange multiplier
in the path integral, constraining the right-moving part of x® to vanish and giving a sigma
model for the physical fields (y?, 2™, x4 ), where x4 is the left-moving part of x*. Since x*
is chiral, it is often easier to write these degrees of freedom in terms of a chiral fermion A\%.

7.2.2 Example: heterotic doubled formalism in a flat background

Let us consider explicitly the procedure of recovering the standard formulation from the
doubled geometry in the following example of a trivial fibration in which the mass matrix
Nir” is zero, i.e. the internal space is simply 7% ~ T x T2. Imposing the constraint
by gauging is subtle in the case where N;;7 # 0 and the U(1)'2? isometry group is not
always well-defined on the doubled geometry 7. In particular, the target space vector
fields which generate the U(1)!? isometries are defined in each 72* fibre, but may not
be well defined on the full bundle 7. Such issues where not addressed in [I9] and we
shall not elaborate on them further here, except to point out that a detailed discussion
of these issues will be presented in [p(J. For the simple example presented here, where
Nir/ = 0, no such global issues arise and we can follow the procedure outlined in 9.
We first consider the case where the background is given by the spacetime fields My
and A’;, all (3%, X!)-independent. It will aid the clarity of the exposition to assume also
that A!; = 0, although this condition may be relaxed. The constraint ([.7) is imposed by
gauging a null subgroup of the algebra [T7,T;] = 0. The action for the gauged theory is

— 37 —



S[yt, XI, 1] = S[y] + S[XI, O] where the theory on the base is given by the action

. 1 . 1 ) .
Sly'] = = j{ giidy" N *dy’ + —7{ Bijdy' N dy’,
2 Jx 2 Jx

and the theory in the T% x T4 x T8 fibres is given by
1 o L I g, 1L I g, 1 Iy
S[X,C]Z— M DX A DX + = OrdX' NdX7 + = LydXt NCY,
4 Jx 4 Jx 2 /s
where the invariant derivative DX! = dX! + C! can be written as
px! = (dzm Az + Cry d® +Ca> .

For the trivial 7% fibration over T2, which we consider in this example, the theory on
the base will not play an important role and we shall focus on the theory in the fibres given
by the Lagrangian £(X!,C!). Expanding this Lagrangian out using ([-3) and (F-4) gives

1 1
ﬁ(XI,CI) =1 (Gmn + A Ang — CrpgP?Cpn) dz™ A xd2z" + ng"Dim A ¥Dz,,

1
+Z (5ab + AmagmnAnb) Dxa A *DXb

1 1
—igmpCmeim A *dzniAnag"mDXa A *DzZ,,

1
—|—§ (Ama + Apad”" Crm) DX N xdz™

1 1 1
+§d2«'m VAN dém + §d2«'m VAN Cm + §dxa AN Ca.
where Dz, = dZ,, + C;, and Dx* = dx® 4+ C*. Completing the square in C,,, we have
1 m n 1 m n 1 a
L= §Gmndz A *xdz"™ + iandz Adz" + ZDX A xDxq
1 1 1
+§AmaDXa A (xdz™ — dz™) + §dxa ANC, + ng"Am A *A,,
where

A = Cpy +dZ — Gmn % d2" — Cpypdz"™ — Ay DX

gives a 5 In(det(¢™")) contribution to the dilaton when we integrate over the gauge fields

Cy, in the path integral. The metric G, of the sigma model is given by
1 a
Gmn = gmn + §Am Ana

and is the form of the effective metric required in order for Green-Schwarz anomaly can-
cellation to be consistent with supersymmetry, as found in [61]. It is helpful to define the
light-cone worldsheet coordinates

Ci:%(TiU), 8i:ii:87:t30.

— 38 —



Recalling that C* = «C®, we see that C_% = 0 and the Lagrangian then becomes

1
L= —Gup0+2"0_2" — Bpp0y2m0_2" — §8+Xa8_xa — A0y x*0_2"
—(0—Xa + Ama0-2") CL*.

We see that, as expected, the chiral one-form C,% acts as a Lagrange multiplier to impose
the constraint
O_X"+ Ap"0_2" = 0. (7.9)

In the A,,* = 0 background this is just the familiar constraint that x® is chiral, i.e. a
left-mover. The condition ([/.9) is a covariantization of this chirality constraint. Imposing
the constraint gives the Lagrangian

1
L=—-Gnn012"0_2" — Bppp0y2m0_2" + §Ama8+xa8_zm.

We encounter the familiar problem that a chiral scalar does not have a Lorentz-covariant
kinetic term. In the next sub-section we consider a solution to this problem following
Tseytlin [P§] and propose a Lagrangian in which manifest Lorentz invariance is lost. Al-
ternatively, one may write the scalars x* as chiral fermions A® where

Oy X = 2Xps T\

T is a generator in the Cartan subalgebra of Eg x Fg or Spin(32)/Zs and py = pg £ p+
are worldsheet gamma matrices in light-cone coordinates. Substituting for d4x® in the
Lagrangian above and introducing a kinetic term for the chiral fermions, the Lagrangian
becomes

L= _(gij + Bij)a-i-yia—yj - (Gmn + an)a+zma_zn + Z‘j‘p—i_a-i-)‘ + j‘p-i-Ta)\Amaa—Zmy

where the contribution from the theory on the T2 base, with coordinates v, has been
included. This is the conventional form of the sigma model for a Heterotic string on a flat
background with constant gauge and B-field [67].

7.2.3 Non-covariant formalism

In the (worldsheet) Lorentz-convariant sigma model considered above, the chirality con-
straint on the bosons x* must be imposed at the level of the equations of motion. There is
a manifestly duality-symmetric formalism proposed by Schwarz and Sen [53, p4], building
on the earlier work of Tseytlin PJ] in which the chirality constraint is imposed at the
level of the Lagrangian. The drawback of this formalism is that general covariance of the
worldsheet is not manifest. In [63, p4] the duality-covariant Lagrangian for a reduction of
Heterotic String theory on T¢ was proposed

1 . | 1

L= §gijnaﬁaaz"aﬁyﬂ - §L1 ;D.X'D,x7 — 5M 17D, XD X7
1 o .

+§e“5 (BijOay'0py’ — L1j Al i00y'DgX”) (7.10)
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where
DX = 0,XI + AL0,y (7.11)

In order to describe the O(4, 20; Z)-twisted reduction of the kind we have been examining,
it is a simple matter to twist the embedding fields 0,X! according to the duality-twist
reduction ansatz. The non-Lorentz-covariant version of the action ([.§) is then given by

1 . . 1 ~ 1 ~
L= §gij77aﬁaaylaﬁyj - §L1J7771770J - §M1J7701770J

1 o .
—|—§6a6 (B,-jaay’(‘)ﬁyj - LIJAIiaayZP5J>

where we have defined

~

Pol = (N ;DX

Duality-twist models of this kind, for the Bosonic String, have recently been studied in [55].

8. Conclusion, discussion and further research

In this article, we have shown that certain four-dimensional gauged A/ = 4 theories can be
obtained from dimensional reduction of either ITA or Heterotic supergravity. Our starting
point has been the ungauged N' = 2 supergravity in six dimensions obtained by either
compactifying ITA supergravity on a K3 or by compactifying Heterotic supergravity on a
T*. We have used the O(4, 20)-symmetry of this theory to perform a duality twist reduction
on a further 72, leading to a gauged A/ = 4 supergravity in four dimensions.

We have analyzed the possible gaugings of the four-dimensional theory and interpreted
the components of the structure constants in terms of both ITA and Heterotic theories. A
twist matrix can be divided into different classes for a ITA origin and a Heterotic origin.
For ITA reductions, we were able to identify the three different classes of mass matrix:
DiaB, Kia and Q;4, as defining a manifold of SU(2)-structure, an H-flux and what might
be called a Mirror-flux respectively. For Heterotic reductions, we found a geometric flux, H
and F-fluxes, two new classes of T-fold and a flux corresponding to a topological twisting
of the Cartan torus of the the U(1)!® internal gauge group over spacetime.

It should be stressed that the interpretation we gave to each class of twist holds in-
dividually for each case where the only non-zero elements in the mass matrix N;;/ take
values in any one of the classes D; 42, Kis or Q;*. However, for more general cases, where
the mass matrix N;;” is composed of non-zero elements from more than one of the classes,
the interpretation may be more subtle. For example, if a mass matrix has components of
the geometric class D;j4” and components of the flux IC;4 switched on, then the interpre-
tation of the duality-twist reduction as a compactification is simple - we can think of it
as a compactification on a K3 bundle with non-trivial H-flux. More generally, we might
consider a reduction in which elements of the class D;j4” and, say, 0,4 are switched on. In
this case the interpretation of the reduction is not straightforward. It is not immediately
clear how to make sense of such a K3 fibration with Mirror flux and these, more general,
situations must be interpreted on a case by case basis. Similar considerations also apply
to the Heterotic reductions.
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Finally, we have written down a worldsheet sigma model for the Heterotic theory. The
model we presented uses a generalization of the doubled formalism pioneered in [[[3, R,
B9, Bg] for both the space-time coordinates and the chiral Heterotic fields. In this way, it is
possible to write down a Heterotic worldsheet theory for the backgrounds discussed here.

ITA string theory compactified on K3 and Heterotic string theory compactified on 7%
are conjectured to be dual descriptions of the same physics. Whether or not this implies
that IIA string theory on the six-dimensional SU(2)-structure manifolds and Heterotic
string theory on the six-dimensional T-structure manifolds we described should also be
conjectured to be dual remains unclear. One might argue that since the duality is clearly
true for the theory in a single 7% or K3 fibre, then the proposed equivalence of the de-
scriptions in terms of the IIA and Heterotic theories should follow as a simple application
of fibre-wise duality. An illustrative example, from fibre-wise T-duality, where much more
is understood, demonstrates that such reasoning may be too naive. Consider a 7% bundle
with base S! of the kind constructed in [f7]. There, one can demonstrate that two de-
scriptions are T-dual by gauging an isometry of the T% background as described by 4.
The proof of T-duality requires the existence of a well-defined isometry which generates an
invariance of the string background. One can show [6(] that if one gauges an isometry that
is well-defined in the T? fibres, yet is not well-defined on the (d 4 1)-dimensional bundle,
then the result is a globally non-geometric background, such as a T-fold. One point of
view is that the T-duality is still possible and indeed, there is evidence from Mirror sym-
metry [B3] that T-duality does not require the existence of globally well-defined isometries.
Furthermore, there is evidence that the existence of an isometry, even locally, is not a
requirement for T-duality to be possible RI]. Another, more conservative, perspective is
that, in some cases, the monodromy acts as an obstruction to the existence of the structure
- a well-defined isometry - that allows T-duality to be possible.

Given this note of caution from T-duality, one might hesitate to proclaim that the IIA
and Heterotic compactifications considered in this paper are dual descriptions of the same
Physics. At the very least, one may worry that a certain class of monodromies may obstruct
the duality. The added difficulty here is that the strong/weak duality cannot be derived
from any known worldsheet construction, such as the gauging of isometries in T-duality,
and so it is unclear what structure (playing the role of the global isometry in T-duality)
one might wish to preserve in order to ensure the duality holds. For the T-duality case
discussed above, we know that if the monodromy does not obstruct the existence of a global
isometry, then T-duality still holds. If the monodromy does provide an obstruction, then
we are on uncertain ground. By contrast, it is difficult to say anything about the validity
of the ITA /Heterotic duality in any of the cases we have been considering here. One way
in which the proposal for such a duality might be checked would to be to directly calculate
and compare non-perturbative effects such as BPS-states for the generalized case, akin to
the tests that were done for the original ITA /heterotic duality.

If the Heterotic/ITA duality holds in the generalized case treated in this article, it
would have some interesting implications for string theory compactifications on generalized
manifolds. For example, some compactifications on the ITA side that are geometric would
be dual to non-geometric compactifications of the Heterotic theory and vice versa. This
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would provide strong evidence that non-geometric backgrounds play a central role in string
and M-theory.

In section four we reviewed some of the arguments, coming from supergravity, for a
strong/weak coupling duality between the Heterotic string on 7% and the Type IIA string
on K3. By contrast, the IIB theory, compactified on K3, leads to a six-dimensional chiral
theory which cannot be directly related to the the Heterotic and ITA string. However, there
is evidence that a further Kaluza-Klein compactification on 72, down to four dimensions,
allows for a link to the IIB theory to be established and the duality between the Heterotic
and IIA theories in four-dimensions is extended to a triality between the ITA, IIB and
Heterotic theories.!6. This triality has many remarkable features and was studied at length
in [60) In particular, there is a (SL(2;Z))* c SL(2;Z) x SO(6,22; Z) symmetry for which
the roles of the three SL(2;Z)’s are permuted under the triality. For example, in the
Heterotic compactification, there is a SL(2;Z), x SL(2;7Z),, C SO(6,22;Z) which acts on
the complex and complexified Kihler structures (7 and w respectively) of the 72 base and
arises from the

(SL(2;Z)r x SL(2;Z)y) [ Z2 ~ O(2,2;Z)

T-duality symmetry of the metric and B-field on the T2. The third SL(2;Z) is the man-
ifest SL(2;Z) symmetry in the reduced action which acts linearly on the Heterotic axio-
dilaton M.

A natural question is whether or not this triality occurs in the compactifications we
have been considering here, where the fibration of K3 or T* over the T2 base is not trivial,
but has monodromy in O(4,20;7Z). This question may be phrased in a slightly different
way: can we lift the gauged supergravities considered here to compactifications of 1IB
string theory? One could consider performing a T-duality along one of the circles of the
T? to obtain a description in terms of IIB string theory from the IIA theory. However, a
monodromy around a cycle of the 72 will be an obstruction to the existence of an Abelian
isometry along that direction. In the absence of an isometric direction in which to perform
the duality, it is not clear that a T-dual description even exists.!” If we twist around only
one of the T? cycles, i.e. we set 37/ = 0, then there is a non-trivial gauging with structure
constant t177 = ay”/. Then, the circle with coordinate y' ~ y'+1 has monodromy exp(a;”)
and the circle with coordinate y? has an Abelian isometry. We may then perform a (possibly
fibre-wise) T-duality along y? to give a dual IIB description.

More generally, one could consider dualizing along a cycle with non-trivial monodromy.
There is some evidence that such a non-isometric duality can be performed [RI] and, in
this case, would give rise to Heterotic compactifications with what has come to be known
as ‘R-flux’. For example, if we consider a generic double duality-twist compactification of
the Heterotic string and dualize along both directions of the 72 base we expect to find a

%The two Heterotic strings are T-dual to each other.

17 A potential difficulty, even for isometric duality, arises from the suggestion in [@] that the existence
of an isometry is not enough to allow for the application of the Buscher rules in certain circumstances. In
particular, some evidence was presented which suggested the expected application of T-duality along the
T? of even a T? x K3 background fails. We shall not comment further on this here, but refer the interested
reader to @] for details.
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theory with gauge algebra

[ ] ZnZ + W, mY + fmn [Zm, Zn] = fngZZ
[ ] — Q mZ
[ n] _ RmnzZ [XZ,Xm] — Qnszn + Vimaya
[ Y, = =6 bvmbz + Wina' X™
[Zm, Yol = Wind' Z; Vo, Y] = Ga' Z; (8.1)

The diagram ([6.2) is then extended to

! ! !
Mima _ Wima N Vz'ma
! !
Sabi — Gabi
!
habc

where the horizontal arrows now allow for a dualization along the 4 directions and we have
included the obvious generalization to accommodate structure constants of the form hg°.

One might wonder how such structure constants h.° may be realized in compacti-
fications. Omne possibility is that at special points in the moduli space of the Heterotic
and Type II compactifications, the symmetry group is enhanced [BY. For example, the
U(1)! internal symmetry of the Heterotic theories may be enhanced to non-Abelian
Es x Eg or Spin(32)/Zs. At these enhanced points, the algebra includes the commuta-
tor [Ya, Ys] = hapYe + ... where the index a now runs from 1 to n < 496, the dimension of
the enhanced symmetry groups, and h,;,° are structure constants for Eg x Eg or Spin(32)/Zs
or some sub-group. Compactifications with non-zero f;;,” and hg,¢ were considered in [(§]
and are discussed briefly in appendix A.2. It would be interesting to study this symmetry
enhancement, in a duality-covariant manner using the doubled sigma model introduced in
section seven.

One may think of backgrounds for which all structure constants except R“™" vanish as
a T* fibration over the coordinates §j; of the dual torus T2, conjugate to the winding modes
of the Heterotic string around the 72 BI]. Similarly, one can view a reduction which gives
the structure constant V™™ as a Heterotic generalization of R-flux backgrounds in which
the gauge fields of the U(1)'% internal symmetry play an important role. The structure
constants Gy’ indicate a background in which the internal U(1)'6 fibration is topologically
twisted over the cycles of the dual T2.

From the Type I perspective, we can think of such R-flux backgrounds as K3 fibrations
over the coordinates ¢;, conjugate to the winding modes of the ITA string around the
T?. We conjecture that N' = 4 gauged supergravities with such structure constants lift
to compactifications of string theory on such locally non-geometric backgrounds. The
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corresponding gauge algebra for the lower-dimensional supergravities is then

(X%, J] = Wi BT, (X1, J] = STy,
(X4 Ta] = Riypn®“Te — Wiad —napSPJ,
[TA7 B] RABZH [J, TA] = WiAZia
| =

[J,Ta] = nasS'57Zi,

We can think of the W- and S-fluxes as being similar to the K- and Q-fluxes, but involving
the dual torus 72. For example, the reduction ansatz for the B-field in the W-flux back-
ground is BA = by + Wa'y;, the correct interpretation of which is not clear. The R-flux
denotes a smooth K3 fibration over the cycles of the dual torus T2. Tt remains to be seen
if such constructions can provide a basis for good Type 1I string backgrounds.

Unlike the duality-twist backgrounds constructed in section five, which can be un-
derstood as a conventional background in a contractible patch, the only picture we have
of the backgrounds constructed as a fibration over T? is through the doubled formalism.
Following the construction of the R-flux doubled geometry in [{7], the doubled geometry
for such Heterotic backgrounds would be given by X = I'\G where G is the (non-compact)
group manifold for the gauge algebra (B.1]) and I' C G is a discrete (cocompact) subgroup,
acting from the left, such that X is compact. The gauge algebra could then be written as

(X%, Tr] = N/ Ty (T7,Ty) = N1j'Z;i

with all other commutators vanishing. The globally defined, left-invariant, one-forms
on X are .
Qi =dj + FNyX'dx!  Pl=dy Pl = (eN0)! jax?

where the coordinates on the 28-dimensional doubled space X are (v*, ;, X! ). For example,
in the Heterotic case we have seen that X! = (2™, Zm, x*) as in the previous section.
We shall return to a supersymmetric sigma model description of the doubled geometry
X elsewhere.

Acknowledgments

We would like to thank Jan Louis and Dan Waldram for helpful discussions.

A. Generalized reductions and compactifications

In this appendix we briefly review various features of the most prominent generalized
reduction techniques.

A.1 SU(3)- and SU(3) x SU(3)-structure reductions

As an example of the methodology and limitations of constructing lower-dimensional su-
pergravities by reduction algorithms, we recall here SU(3)- and SU(3) x SU(3)-structure
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reductions. The Canonical example is of a compactification on a three-dimensional com-
pact Calabi-Yau manifold. One can find a (symplectic) basis of harmonic three-forms
(a(O)I,ﬂ(O)I) where T = 0,1,... A2 + 1 and a basis of two-forms w(® 4 and, Hodge dual,
four-forms @@4, where A = 0,1,...h%! + 1. The effective, massless, four-dimensional
supergravity is obtained by expanding the ten-dimensional form-fields and fluctuations of
the ten-dimensional metric in terms of this basis of forms. This construction has been
well-studied and is equivalent to a compactification on a Calabi-Yau manifold followed by
a truncation to the zero modes of the Kaluza-Klein spectrum.

Massive supergravities can be constructed by adding constant fluxes to Ramond-
Ramond and H-field strengths, wrapping harmonic cycles of the Calabi-Yau. For ex-
ample, one can add constant electric (e7) and magnetic (m!) fluxes to the H-field strength
H = e — mla©®; + .. Such reductions have a clear interpretation as a flux-
compactifications on compact Calabi-Yau manifolds. Following [ff], it is then natural to

consider expanding the reduction ansatz in terms of a non-harmonic, twisted basis of forms

A _ B (0)A B

ay = ePal¥

wp = eBw(O)A w w I ﬁl = EBﬁ(O)I

where dB = e8! — mlay is the flux on the H-field strength. Up to terms which vanish
under the Mukai pairing'® these twisted forms of mixed degree satisfy

dag ~ ey dﬂl ~m!0 dwy = mlay — ejﬁl (A1)

where all other forms are harmonic. In particular, if m! = 0 so that the flux is purely electric
then, under the conjectured mirror symmetry which involves the exchange of mixed-odd and
mixed-even degree forms, this background is dual to a particular class of SU(3)-structure
manifolds, called half-flat manifolds as discussed in [[f. On the assumption that such a
generalization of Mirror Symmetry does hold in this case, the fact that we can construct a
rigorous Kaluza-Klein compactification for a flux compactification on a Calabi-Yau lends
credence to the idea that the half-flat reduction does indeed lift to a genuine Kaluza-Klein
compactification.

More generally, one can consider reductions on SU(3) x SU(3)-structure backgrounds
for which the reduction ansatz is expanded in terms of the forms a7, 37, wa and &4 where

dag ~ priwa + erad? dp' ~ ¢ wa +malo?

I I ~ A IA A ql
dwa ~ma ar —eraf do” ~ —q “ar+prp

where the notion of the exterior derivative on the internal space d : AP — AP 1 is gener-
alized to one in which d : A? — AP 1 Although it is clear that such a reduction ansatz,
in which the degrees of forms are not preserved, cannot be realized as a compactification
on a conventional manifold, there is little understanding of precisely what the internal

8The O(6, 6)-invariant Mukai pairing (, ) gives

/ (ar,B”)y=06", / (wa, @) = 54"
CYs CYs
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background is. There is some evidence [[i, [f9] that such non-geometric backgrounds should
share many of the qualitative characteristics of non-geometric I-structure backgrounds
constructed in [[I0, P{, 1] and discussed briefly below.

A.2 T-structure flux compactifications and duality-twist reductions

I-structure compactifications of Heterotic supergravity to four dimensions have been stud-
ied by many authors [1§, g, [f0], giving rise to a plethora of new constructions of N = 4
gauged supergravities. Of particular relevance to the T-structure reductions studied here,
are those first presented in the seminal work of Scherk and Schwarz [BJ]. There, two
types of dimensional reduction were introduced; the first, which has become known as a
compactification on a twisted torus, involved a twisting of the frame bundle over the in-
ternal manifold in the reduction ansatz so that the ansatz is written in terms of the forms

O.m

= 0™;(y)dy', where m,n = 1,2,...d are frame indices, y* (i,j = 1,2,...d) are coordi-
nates on the d-dimensional internal manifold. In order for the reduction to be consistent
(in the sense that solutions to the lower dimensional equations of motion lift to solutions
of the full, higher-dimensional theory), the y-dependent vielbeins ¢™; must be such that

the one forms ¢ satisfy the structure equation
m 1 m_n p
do™ + 3 faplo" NP =0

where f,,,” are structure constants for some, possibly non-compact, d-dimensional group
G. We see then that the condition for consistency is a parallelizability condition and the
twisted torus is an I-structure manifold. So, for example, the reduction ansatz for the
metric takes the form

g(y) = Gmno' " Q0"

Because of the T-duality symmetric role H-fluxes and the structure constants f,,,” play in
such reductions, the structure constants are often referred to a ‘geometric fluxes’. It was
shown in [[9] that such reductions could be understood as compactifications on a twisted
torus, I'\G, where I' C G is a discrete group, acting on the left, such that T'\G is compact.
This identification of the twisted torus as the compactification manifold for Scherk-Schwarz
reductions elevates the Scherk-Schwarz reduction algorithm to the status of a Kaluza-Klein
compactification scenario.

In [@], compactifications of Heterotic supergravity on d-dimensional twisted tori were
considered with fluxes for the H-field and internal gauge field strength switched on so that

1 1
H:EKmnpam/\a"/\ap—i-... F“:§ o AN+

where K, and M,,,* are constants. The case of interest here is d = 6. In [@], it was
assumed that Wilson lines break the Heterotic gauge groups from Eg x Eg or Spin(32)/Zs to
U(1)'6 (and we have assumed the same is true in the Heterotic reductions to be considered in
this paper). It was shown that the resulting four-dimensional, " = 4, gauged supergravity
could be written in a manifestly O(6, 22)-covariant form. The resulting gauged supergravity
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has a scalar potential and non-Abelian gauge group with Lie algebra!®

(Zm, Zn] = fonP Zp + Kpnp XP + My, Yo [ X", Zy)] = fpp" XV (Yo, Zn] = S Mmn? X™
(A.2)
where the Z,, (m,n = 1,2,...6) are related to diffeomorphisms of the twisted torus, the X™
are related to B-field antisymmetric tensor transformations and the Y, (a,b =1,2,...16)
generate the U(1)!0 internal gauge symmetry. All other commutators vanish. One can see
that the gauge algebra contains a lot of information about the ten-dimensional lift of the
four-dimensional supergravity. In particular, the structure constants f,,,” tell us what the
local geometry of the compactification manifold is and the structure constants K,,,, and
M, ® contain information about the fluxes in the internal geometry.
A complementary situation, in which not all of the internal gauge group is broken (but
no fluxes were turned on) was considered in [f§. The resulting N' = 4 gauged supergravity
has a scalar potential and a non-Abelian gauge symmetry generated by the Lie algebra

[Zmy Zn] = fmanp [Xm’ Zn] = fnmep [Yay }/b] = habCY; (A3)

where hg¢ are the structure constants for the non-Abelian internal gauge symmetry group
H where now the indices a,b, ¢ run from one to the dimension of H. Again we see that
the structure constants f,,P encode the local structure of the compactification manifold
and hg© tells us the subgroup H of Eg x Eg or Spin(32)/Zs which is preserved by the
compactification. From such reasoning, it is possible to deduce a string theory origin of
many gauged supergravities.

Duality-twist dimensional reduction was introduced in [BJ] and was reviewed in section
five. Excellent discussions of this procedure may be found in [0, [f1], [[3]. The general
idea is to perform the compactification of the higher-dimensional supergravity on two
stages: the first consists of a conventional Kaluza-Klein compactification from D + d +
1 dimensions down to D + 1 dimensions on some d-dimensional manifold, followed by
a truncation to the zero modes of the Kaluza-Klein spectrum. The resulting (D + 1)-
dimensional supergravity has a rigid symmetry symmetry group K which will generally lift
to a discrete U-duality symmetry group K(Z) C K of the string theory [[if]. The second
step of the reduction involves compactification down to D dimensions on a circle, where we
introduce a topological twist such that the monodromy around the circle is an element of
K(Z). Since K (Z) is a symmetry of the string theory, the string theory is well defined on the
(d+ 1)-dimensional internal background. It can be shown that the twist by K(Z) does not
explicitly break any supersymmetry so that, if the d-dimensional manifold has, for example,
SU(n)-holonomy, the (d+1)-dimensional background will have SU(n)-structure. Moreover,
if the d-dimensional manifold is of I-holonomy, then the (d 4 1)-dimensional background
is of I-structure and admits a consistent truncation of the Kaluza-Klein spectrum. Such
reductions have become known as duality-twist reductions and, interpreting such duality-
twist reductions in terms of compactifications of string theory is not always as simple as
for the twisted torus compactifications reviewed above.

19Tt was shown in [@] that the local symmetry of the supergravity was in fact generated by a Lie-algebroid,
which contains this Lie algebra.
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Generally the action of K(Z) on the d-dimensional manifold will not be geometric and
the (d + 1)-dimensional internal background will not be a Riemannian manifold, but may
be non-geometric. If however, K(Z) does act geometrically then, it was shown in [i]] that
the (d + 1)-dimensional background is a twisted torus of the kind described above. In [[f(]
duality-twist reductions of Heterotic supergravity, where the theory was reduced to five
dimensions and then twisted over a circle with monodromy in the geometric SL(5;Z), were
considered.?? Such reductions give rise to gauged N = 4 supergravities as described above
and may be thought of as a compactification on a six-dimensional twisted torus [[[4].

B. SO(3)-symmetry of six-dimensional manifolds with SU(2)-structure

Here, we want to show that the definition of j and w in terms of spinors has an inherent
SO(3)-symmetry which is analogous to the hyperkahler-structure of K3. In fact, we will
show the existence of a symmetry operator g acting on the spinors, whose action translates
into an SO(3)-rotation on the vector
J
Rew |,
Imw

and that leaves the one-form ¢ invariant.

We start by noting that there is an arbitrariness in our choice of spinors. Any linear
combination of the two globally well-defined spinors n', 7?2, as long as it leaves the lengths
invariant, would yield the two-forms j, Rew,Imw and a one-form o. Let us consider a
complex 2 x 2-matrix ¢ acting on n_ = (n',n?) such that

nin- —ntgtan. =nin_.

This means g € SU(2), so we can write it as

_ a b
g_ —b* CL* 9

with a,b € C satisfying |a|? + |b|> = 1. While the negative chirality spinors transform as

n- — 91—,

n —nlgl,
the positive chirality-spinors, defined as

nh =n’C,

with C' the charge conjugation matrix, transform as

N+ — 9 N4,

nt — kgt

20Consistent truncations to N = 1 models, characterised by a positive semi-definite potential, were also
studied in [E]
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This SU(2)-rotation of the spinors corresponds to an SO(3)-rotation of the three two-
forms j,Rew,Imw. Let G(g) be the action of g on any spinor bi-linear given by the
SU(2)-rotation g of the spinors, written as a matrix multiplying the vector

J
Rew
Imw

We want to consider the action of g on this vector. In terms of spinors, we have

. { 1 2
Jvw = 5 (77 T’Yvwn— - TI_T’Yvaﬁ) 9
)
Rewyy = B <77 T'van— + 773T7vw771—) )
1
Im wyyy = 5 (TI Jr’Yval_ - nzT’Yvwnl—) s

and writing a =t + iz, b = y + iz we find

2422 —y? — 22 2ty + 2xz 2xy — 2tz
G(g) = 2wz — 2ty 2 — 2% — y? + 22 2tx + 2yz
2xy + 2tz 2yz — 2tx 2 — 224 y2 — 22

For g € SU(2) we have t2 + 2% +y?+ 22 = 1, and using this we can calculate that GG = 1.
This means G € O(3), and since det G = 1 for t = 1, = y = z = 0, we conclude
G € SO(3).

On the other hand, the one-form o is left invariant under this rotation. To show this

we need that

2 1
oo = 1Tyt = =0Tyl

This can be shown as follows:

2
yent = ) Oyt = —(2) I onk

1
= ()7L T = —n Tyt

We calculate

G(g)ow = (b + an®yu(a*n + bn2) = (lal* + b}y = 0.

C. Kaluza-Klein compactification of the heterotic theory on T*

The Heterotic theory in ten dimensions is given, in string frame, by the Lagrangian

1 1
£10 = e—cI) <R * 14+ *dD N dD — 57’((3) AN *H(g) - §5ab~7:€2) AN *.7:(172)> 5 (Cl)
where
.7'—&) = d.A‘(ll), H(g) = dB( ab.Aa A .7'-(1)
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We compactify the spacetime of the theory on T% using the standard Kaluza-Klein reduc-
tion ansatz
ds?y = ds2 + g™ @ V",
~ ~ 1
8(2) = B(Q) —+ B(l)m A I/m + §anl/m A\ I/n,
Aly = Ay + A"

d =+ %ln(g), (C.2)

where
The graviphoton of the reduction is Eﬁ) and 2™ (m = 6,7,8,9) are coordinates on T*.

The notation is that a field ¥(,) is of degree p in ten dimensions and a field TZJ\(p) is of degree
p in six dimensions, where the subscript for scalars is suppressed.

Inserting the reduction ansatz ([C.9) into the Lagrangian ([C.1) gives the effective theory
in six dimensions

N ~ ~ 1 1 ~ -~ 1~ -~
Le = €_¢ <R %1+ xdp A do — §dgmn A *dGmn — §gmn * F{g) AN F(g) — §H(3) AN *H(3)

1 mn 17 Iy 1 mn 7y Iy
—59"" Hgym N*Hoyn = 59 9" H (1ymp N *H (1ynq

2
1 a b 1 mn a b
—§5abF(2) A *F(2) — 5 abd F(l)m A\ *F(l)n s
where
Ty n 9 ~m 1 1a ) 1 1a b ~m
77 %) on 1 Aa N 1 1a 7 Ab 1 Aa Ab m
H(2)m = dB(l)m + anF(2) - §5abA(1) /\ dAm - §5abAmdA(1) - §6abAmAnF(2)7
77 1 Ta 7 4b
Hitymn = B — 500, Ay d A,
Fy) = dAfy — AnF),
R, = dAs,. (C.3)

Using the field redefinitions

N ~ 1 ~
Co) = By = 5Baym A A,

~ 5 Lo 20

Caym = Baym = 50 Am A,

~ 1 ~ ~
Cmn = an + §5abAmaAnba
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we see that the reduced theory has gauge group U(1)?* and may be written in a manifestly
O(4,20)-invariant way:

L¢ = e_(g <§ * 14 *d(g/\ d$+ %Tr <d./(/l\ A *d./\//\(_1>
1~ 7 L= = J
—5 M@ N HE) = G MisFo) A Fiy) (C4)

where 1
H) = dCa) = 5Lis Ay NdADy,  Foy = dAG.

Also I,J =1,2,...24 and

N gmn _Bnpgpm ~ ~ ~ _gmn;{na ~
MIJ = _Bmpgnp Imn + gqumanq + 6abAmaAnb Ap® + BmpgpnAna 5
_Anagmn Ama 4 Anaganmp 5ab 4 AmagmnAnb

where the O(4,20) vector AT and corresponding field strength FI are

(A" I I I
A= Bi(l)m , F' = H(g)m — anF@z — 5abA(1) A dA(l)
A Fay
and the O(4,20) invariant is
0 I, O
Lij=|1, 0 0
0 0 Ty.

D. Kaluza-Klein compactification of ITA supergravity on K3

The O(4, 20)-invariant six-dimensional half-maximal theory ([C.4) can also be obtained from
a compactification of the maximal ITA supergravity on K3. We define Q4 = HA50B,
and it is not hard to show that it satisfies HAcH g = 64 5 and n[A|CHC‘B} = 0, so that

SO(3,19; R)

HA .
5 € S0(3,R) x SO(19,R)

HAg therefore parametrizes 57 of the metric moduli coming from the two-forms, the last
one is given by an overall size modulus. The moduli H4 5 and p, as defined, do not depend
on the six non-compact directions. It is useful to introduce HA B and p which, as we shall
see in the next section, do depend explicitly on the remaining six directions.

D.1 Dimensional reduction

The Lagrangian of Type IIA supergravity is

1 1
LA =e® (R *1+d® A*d® + SdBg) A *dBg) + 5dAw) AxdAq)

1 1
+ §(dC(3) — .,4(1) A dB(Q)) A *(dC(g) — -’4(1) A dB(g)) — 58(2) A dC(g) A dC(g)) ,
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where @ is the dilaton, B is the Kalb-Ramond field and A(;) and C(3) are Ramond-Ramond
fields. We consider a Kaluza-Klein reduction of ITA supergravity on K3. The Kaluza-Klein
reduction ansatz is

Ay = Ay,
8(2) = B(g) + bAQA,
C(g) = C(3) + C(I)A A QA
The resulting six-dimensional theory is best written in terms of an O(4,20) matrix
M which takes values in the coset O(4,20)/(0(4) x O(20)) and is given by
e P+ ]?IABEAEB + 6562 eﬁé —]?ICBEC — eﬁggé
My = ePC eP —ePbp ,

—ﬁBAgB — eﬁgAé —eﬁgA nAcﬁICB + eﬁgAEB

where C = %nABgAgB and nap is the intersection matrix for 3. The symmetric matrix
of scalars satisfy Mg LX“Mp; = Lr; with Lz, the invariant of O(4,20), given by

0 -1 0
Lij=1-10 0
0 0 nas

In the theory are also a metric, a dilaton <;~5 and a two-form field B , and 24 gauge fields. Of
these gauge fields, one comes from the ten-dimensional gauge field, 22 from the expansion
of the three-form field in the two-forms of K3, and the last one is the dual of the three-form
field in six dimensions. The six-dimensional supergravity Lagrangian (this can be found,

for example, in [pd]) is given by
L1 = 8 (R o A dB4 101y N B — iy Ny~ 3 M Fly 1T
5 LusBy N Fly N T,
where the field strengths are
Hy = By, Floy = dAf,

D.2 Gauge algebra

The gauge algebra of this theory is U(1)?4, where U(1)?2 C U(1)** is generated by anti-
symmetric tensor transformation with parameters A\ associated to each of the harmonic
two cycles of the K3. A further U(1) is inherited directly from ten dimensions as the
Abelian gauge transformation of the Ramond field .A. We denote the generator of this
transformation by J. In six dimensions the three form part of the Ramond field C3) is
dual to a one form C(;). A final U(1) comes from the Abelian gauge transformations of
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this field, generated by J. These generators can be written as an 0O(4,20) vector T7, with
algebra [T7,T] = 0 where

J
Tr=1| J
Ta

E. Duality-twist reductions over T2

We have seen that the Heterotic theory compactified in 7% and the ITA theory compactified
on K3 give the same supergravity with effective Lagrangian in six dimensions given by

(s O . 14 PO -
Lo=e"? <R # 1+ xdp N do + ZdMIJ A xdMT — §H(3) N xH sy — §MIJF(12) A *F(‘;)> .

As noted in [B], the theory has SL(2) x O(4,20) rigid symmetry, a discrete subgroup of
which lifts to a duality symmetry of the full string theory [[l]. In this appendix we present
we consider a further reduction on 72, twisting with two commuting elements of O(4, 20)
over the two cycles of the T2, to give an effective theory in four dimensions.

E.1 Dimensional reduction

Let 4%, i = 1,2 be the T2 coordinates. The reduction ansétze are

dsg = ds; + gi;v" @ V7,
Alyy(w,y) = () (Al (@) + A (@),
) = (N
)

M”(w; D e MEE @) (N )
o o
Bia) (@) + Byi(@) Av' + 5 Bij(@)v' Av,

@ (z,
where
=y =V

and the twist matrix is
(eva)IJ _ eXp(NiJIyZ).

The structure constants N;;! encode the monodromy around the i = 1,2 directions:
Ny = (aJI ﬁJI) ;

where e is the SO(4,20) monodromy around the y' ~ y' + 1 direction and e” is that
around the y? ~ 92 4 1 direction where [, 3] = 0. The condition that the two twists
commute is [, 817 = af B! — Br¥ax’ = 2N1[i‘KN|ﬂKJ = 0. This is equivalent to the
Bianchi identity

(N = (N ENLE N dyt A dy? =0 (E.1)

which states that the second cocycle is trivial.
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The field strength reductions are
~ L i i
Foy(ay) = (M) { () + Al ) + 7y n '}
where

I gl Iy J
Ty = dAq) = NurVigy A AG
f(Il)i = dAf - NjJIV(]nA%] - NiJIA{1)7
Glgy = dV(yy.

It is useful to make the following field redefinitions:
1 I qJ 1 I4J
C1yi = dBy; — §LIJ-A2‘ Ay Cij = Bij + §LIJAZ' Aj.

These potentials and field strengths can be combined into the O(6,22) multiplets

Vi G
C=|Cail, FY=|H],
Al f!
where
1 I J
H(Q)Z — dC(l)Z + §NZ’[JA(1) VAN A(l)’
and Nj;; = —N;j;1 = LigN;7%. The reduced Lagrangian may be written as

1 1
Ly=e? <R*1+*d¢/\d¢+§ # M) AH) + 5 * DMary A DMMY
1 M N
where LMQthQ =ty np and the scalar potential is given by
1 1
V= _EMMQMNTMPStMNthTs + ZMMQLNTLPStMNPtQTS-

The scalar fields M sy span the coset O(6,22)/0(6) x O(22) where

gij + MIJAZ:IA}] + gMCiCjy giijk gjkCilegAff + Mg AK
Muyn = 9*Cijn g9 99 L AKX
PFCy Ly A + My AF g7 L1 A My + g7 Lix Ly AF A}

The O(6,22) invariant is

0 I, O
Lyn=\|12 0 0
0 0 Ljp,.
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E.2 Gauge symmetry

In ten dimensions the theory has the antisymmetric tensor transformation symmetry
B — B+ dAy.

The reduction ansatz for the parameter Ay on T4 is Ay = X(l) —|—Xmum. The remainder of
the U(1)%* gauge symmetry comes from the four U(1) isometries of the T, 2™ — 2™ 4+w™,

~

under which 52”{ = dw™ and the U(1)' gauge transformations 5A‘(11) = de®. In six

dimensions this U(1)** gauge symmetry acts on the fields as
~ _ ~ ~ 1. o~ ~
T T I
5T.A(1) =d\, 5TC(2) = d)\(l) + §L[J>\ .7'—(2).

where we have defined

wm
M=1

6CL
Antisymmetric tensor transformations. The duality twist reduction ansatz for the
six-dimensional gauge parameters A(;) and A s

//{I = (eN'y)I J/\J, //{(1) = )\(1) + )\ZI/Z

We denote the infinitesimal variation of the fields under this transformation by ér. It is
easy to show, by calculating d\, that the four-dimensional fields transform as

S Al = dN + NNV,
op Al = Ny'N,
i 1 I(rJ I i
5TB(2) = d)\(l) + AZF(2) — §LIJ)\ (f(Z) — ./42 (2)) 9
1
OBy = dAi = S L1 N Fy). (E.2)
Using the field redefinition
1
Clyi = By — 5 LisATAY
we see that C(y); transforms as a connection:
orC1y; = dXi + LJKNIZ‘K)\I-AL(]D- (E.3)

T? diffeomorphisms. The theory must be invariant under reparametrizations of the
circle coordinate

Y — oyt W
The matrix e™'¥ changes as (eN'y)IJ — (eN'y)IK (eN'“’)KJ = (eN'y)IK ((5KJ+NJini+. ).
From this is it easy to see how the four dimensional fields must transform in order for the
six-dimensional ansatz to be invariant

07A" = =Np' AT 67Al) = =Nyl AW, 2V = dw'. (E.4)
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Symmetry algebra. We define
52 = wiZi, 6T = )\IT], 5X = )\Z’Xi (E5)

where Z;, X* and Ty are generators of gauge transformations with parameters w’, \; and A’
respectively. It is not hard to show from (E.2), (E.J) and (E.4)) above that the Lie algebra
of the gauge group is

(Z:,T1) = N/ Ty, [T1,Ty] = N1ji X",
with all other commutators vanishing, where we have defined
Niji = =Ny = LigNyi™.
Note that N(;;); = 0 as we are gauging a subgroup of O(6,22).
E.3 Rewriting the four-dimensional lagrangian
The gauged theory we have found by dimensional reduction takes the general form

Ly=e? (R « 1+ do A\ +dp — %H(g) A M3y + i * DMMN A DMy (E.6)

1
—§MMN*,7-"M/\.7:N> +V x1.

In four dimensions, we may write this in the Einstein frame using the four-dimensional
Weyl rescaling

d)(m)guv(iﬂ)-

The individual terms in the string frame action rescale as

g () — €

_ 3
eV=gR — V=g <R+ 5(6@2) ,
e =99" 9" ¢ HyupHoor — €20/ —gH>.
In the Einstein frame the action is written as

1 1 1
Ly = Rx1+ 5dg Nwdp — Se " Hig) AxHs) + 5+ DMYUY A DMy
1
—§e_¢MMN * Flo) AF) +Vx 1.

We now consider the dualization of C(y) to a scalar. Let G(3) = dCp) = H(z) — 3,
where (2(3) is a Chern-Simons term such that

1 M N
The Bianchi identity dG(3) = 0 is imposed by the Lagrange multiplier x
1 1 1
Ly = Rx 1+ 5do Awdp — Se " Hg) AxHg) + 5+ DMYUY A DMy

1
—5€ " Map # Fioy AFG) +V s 1+ dx A G).
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The G(3) equation of motion is G3) = e~2% x dy. Substituting this into the Lagrangian
gives the dual formulation

1 1 1
Lp = R 1+ 5d A xd + §e2¢*dXAdX+ Z*DMMNADMMN
1 _ M N
—56 ¢MMN * f(2) /\f@) +Vxl—dxyA Q(g)
Introducing the axio-dilaton 7 = y + ie~?, the ¢ and x kinetic terms may be written

1 _ 1, 1
de N *dT = 3¢ Pdy A xdy + §d¢ A xd.

and the topological terms may be rewritten as
1
—dx N\ Q(g) = 5%(T)LMN.F(A2/[) A ‘F(J;T) +...,

where the dots denote a total derivative term which can be dropped. The Lagrangian may
then be written as

1 = 1 MN
1

1
—5 SO Mun * Fio) NFy + SR LunFioy AFG) +V 1.

Written in this form, it is easier to see that the scalars (7, Mj;n) parameterize the space

SL(2)  0(6,22)
SO@) ~ 0(6) x 0(22)°
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